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Abstract

We investigate the application of collocation schemes to a class of Volterra delay integral equa-
tions that feature compact and noncompact operators. This class of integral equations with van-
ishing delays is solved numerically using multi-step collocation techniques implemented on var-
ious mesh types. The study includes an analysis of the associated operators and establishes the
existence, uniqueness, and regularity of the exact solution. We prove the existence and unique-
ness of the collocation solutions on different meshes. Additionally, the convergence criteria and
the corresponding order of convergence are presented for each mesh type. The validity of the
convergence analysis is verified through numerical examples.
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1 Introduction

We present an analytical and numerical study of third-kind Volterra delay integral equations
(VDIEs) with proportional delays

y(z) = f(2) + (Kay)(@) + (Kagy)(@),  xel=[0,X], (1)

with the Volterra integral operator IC,, given by the following expression:
(Kay)(v) = / (v —w) K (v, w)y(w)dw,
0
quv
(Koa)0) = [ (= w)Kplrwly(widu, g€ (0.1),
0

and a € [0,1), A > 0, f(x) = 2 h(z) with some continuous function h. Also,
K(v,w) e C(T),Kp(v,w) € C(I'p)

withT :={(r,w) : 0<w<v <X}, Tp:={(r,w):0<w<qu< X},and fora+ A > 1,
have the form ) )
Kv,w) =w* 'K (v,w), Kp(v,w)=w*"1Kp,w),

where K (v,w) € C(T'), Kp(v,w) € C(I'p).
Allaei et al. [3] have studied the following equation

(1) =f(7) + (Kay)(r), 7€ L (2)

The spline collocation method in piecewise polynomial spaces was applied to the third-kind
Volterra integral equation (2). The compactness of the operator for the equivalent third-kind
Volterra integral equation (1), under certain conditions, guarantees the unique solvability of the
resulting algebraic system for all sufficiently small mesh diameters. However, for a noncompact
operator, the solvability of this system is not assured on either uniform or classical graded meshes.
The solvability problem was addressed through the introduction of a modified graded mesh. Us-
ing these meshes, they prove that the collocation solutions achieve the optimal order of global
convergence. For the numerical solution of the third-kind VIE (2), Bhat et al. [6] developed an
approach utilizing Lagrange, modified Lagrange, and barycentric Lagrange polynomial approxi-
mations, for which they also established convergence. A special category of third-kind VDIEs is
defined by the presence of cordial Volterra integral operators(CVIEs), which were first defined
by Vainikko (2009) [35] and [36]. Also, CVIEs has been investigated by some authors [31] and
[3]. Cordial operators are also utilized in the context of Volterra integro-differential equations
(VIDEs), for instance, in study by Jiang [17]. Song et al. [33] considered a spacial type of the
equation (1) with & = 0, A = 1 (noncompact operators) in the nonlinear form

qT

Ty(r) = Th(T) + /OT K(1,2)Wo(y(2))dz + ; Kp(r,2)Wh(y(2))dz, Te€l, (3)

where Wy, W; € C*(R) satisfy the Lipschitz condition. The analysis involved the application
of iterated collocation methods to (3), accompanied by a discussion of the associated operator
properties and the existence, uniqueness, and regularity of the exact solution. The research in [33]
proves that, on a specially constructed graded mesh, the collocation solution not only exists and
is unique but also achieves a global order of superconvergence Also, in [32], Song et al. studied
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piecewise collocation scheme for the linear form of the equation (3) with
Wo(y(2)) = Wi(y(2)) = y(2):

Ty(T) = Th(T) + /OT K(r,2)y(z)dz + /OqT Kp(r,2)y(z)dz, 7€l

The existence of a unique solution to the collocation equations has been established, but only for
two specially designed meshes: the modified graded mesh and the inverted graded mesh.

Aourir et al. [5] developed a solver for linear and nonlinear third-kind Volterra delay inte-
gral equations (3) using a moving least squares approximation enhanced by shifted Chebyshev
polynomials. The independence of the suggested methodology from both a mesh and the domain
geometry qualifies it as a meshless method. The solution is approximated via a collocation method
grounded in moving least squares. The work describes the technique’s formulation for the given
equations and examines its convergence.

A wide range of scientific phenomena in biology, ecology, physics, and chemistry are modeled
using Volterra integral equations. These models, which often incorporate functional terms and
vanishing or non-vanishing delays, offer a robust mathematical framework for analyzing complex
underlying processes. Such mathematical modeling classes are applicable to numerous areas,
such as fluid dynamics, viscoelasticity of materials, population growth dynamics, heat conduc-
tion, epidemiology, controlled liquidation in obsolete production units, and renovation in eco-
nomic systems, see [9]- [37], and references therein.

Exploiting non-uniform meshes is a seemingly viable strategy to attain higher-order supercon-
vergence, most specifically in second-kind VIEs with vanishing delay. Ming et al. [22] pursued
this goal by using quasi-geometric meshes to achieve superconvergence rates for the pantograph-
type second-kind VIEs under investigation. The studies in [23, 18] and [21]-[30] explore high-rate
numerical strategies developed for first and second-type VIEs featuring vanishing delays. The
authors demonstrated the uniqueness, existence, and regularity of the analytical and numerical
solutions. They also performed a convergence analysis based on novel compact operator theory.
Multistep collocation techniques have proven highly efficient and effective for solving various de-
lay equations. Studies cited in [10, 38] offer detailed evidence for their application to functional,
Volterra, and Volterra integro-differential equations (FIEs, VIEs, VIFEs, VIDEs). These meth-
ods are particularly advantageous, combining straightforward implementation with high-order
convergence and low computational complexity. A key early application of multistep collocation
methods to second-kind VIEs was presented by Conte et al. [12].

Also, this revision integrates several key recent studies. Research on spectral and numerical
methods for partial differential and integro-differential equations includes the work of Sabawi et
al. [26] and [29], who analyzed the H' stability and convergence of Legendre spectral methods
for non-local weakly singular problems. Related numerical analyses have been conducted by Ku-
mar et al. [20] on uniformly convergent methods for singularly perturbed systems, and by Das
et al. [34] and [15] on perturbation-based approaches for fractional Volterra—Fredholm integro-
differential equations. In [25], authors present a spectral method based on fractional order Jacobi
functions and their new constructed operational matrix of fractional integration for solving nonlin-
ear weakly singular Volterra integral equations which include Abel equations. In [1], the Galerkin
and the Petrov-Galerkin methods have been used to solve the nonlinear integral equation of the
Urysohn type.

A significant body of recent work focuses on singular perturbation and layer-adapted tech-

niques. This includes studies on systems with non-smooth data on graph networks [28], nonlinear
systems with multiple layers [13], and parabolic problems with Robin conditions and time delay
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[27]. Further contributions in this area feature convergence analyses on adaptive meshes for de-
lay differential equations [34] and graded mesh refinement algorithms for time-delayed parabolic
PDEs [19]. Investigations into systems of reaction—diffusion equations, particularly for Robin-type
boundary value problems, are presented in [14] and [16].

In the domain of fractional calculus and applied models, recent investigations have explored
Liouville-Caputo fractional-order Pennes bioheat flow equations solved via orthogonal polynomi-
als [29] and [24]. Other studies examine fractional-order turbulent flow models with p-Laplacian
operators [13] and semigroup-based frameworks for the optimal control of stochastic integro-
differential equations [4] and [13].

2 Methodology

The corresponding collocation equation for equation (1) is given by
2un(z) = f(2) + (Kaun)(@) + (Kaqun)(z), =€ Ay, (4)

and
Ap i ={zp; =zpn+cjhy,:<1,0<n <N -1},

where A}, the modified graded mesh that ensures the solvability of (4), given by
0=0, 1=,
(5)
v = (X —21)(F=3 ) 4z, ¢>1, n=1,2,...,N,

and {c¢;}72, are collocation parameters, {z,, ;} are collocation points and h,, = x,,1 — ,, are step-
size.

The approximation u;, on each subinterval [z, z,+1] is a polynomial of degree m + r — 1,
expressible as

h(zn + shy) ngk ynkJrZi/fg ngs S€01], n=rr+1,..,N-1, (6)

where U, ; = up (2 ;) = up(z, + ¢jhy), and

r—1

s+1
ot =TT =55 H . 7)
wék
! s+i 1 s—¢
) — . L 8
¥;(s) gcj+i iI;[le—Cz' (8)
i#j

For more detail see [11].

According to [8], delay terms introduce the main difficulty in the numerical analysis of VDIEs,
presenting greater challenges than those encountered in VIEs without delays. The central objective
is to locate the point gz, ;. We assume it resides within a specific subinterval [z, ,, 2, , 4+ 1]. This
allows us to formulate its position as:

qxnvi = xl]n,i + C”yihq”,iJ
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. . . . qTn,i—Tq,, ; s
where ¢,; < n is an integer and the local coordinate is ¢, ; = —5—=* satisfies 0 < ¢, ; < 1).

n,i

Consequently, the position of gx,, ; can be categorized as follows:

I. Given the condition gz, ; > z,, the point is located in the current interval, hence ¢,, 1 = n
fori=1,2,...,m.

II. The inequality gz, 1 < %, < qZnm, implies the existence of an index 4; € {1,...,m — 1}
which partitions the collocation points. Points up to i; lie in the previous interval (g, ;, =
n — 1, i <1i;) while subsequent points lie in the current one ( g, ;,+1 =n, i > i1).

III. The condition gz, m < x,, indicates that all collocation points gx,, ; lie in the historical in-
tervals prior to [,_1, ,]. This means there exists positive integers ny < n —1and i1 < m
such that Qn,i; = N1, 1= 1, 2, ...,il and 4ni +1 = N1 + 1, 1= il + 1, ey, m.

We now derive the discrete collocation equations for each of the three phases.

2.1 Volterra operator (K up)(zn,:) and (Ko qup)(@n.4)

In the linear operators (Kyup)(2n,;) and (K qup)(zn,:), after some computations, we obtain

1
+ Z h /0 (Tn,s — a1 — shy) " K (204, 1 + shy)up(x; + shy)ds

+ hy, / (Tn,i — T — Shp) " “K (T4, Tn + shy)up (T + shy)ds.
0

This equation, by using the equation (6) and after some computations, reduced to the follow-
ing form

r—1 1
(Kaun)(zn,i) = Z hl/ (i — @ — shy) " “K(xn 4,z + shy)up(z; + shy)ds
1=0 0

n—1 r—1 1
—a Tn — Ty —
+ E h11 E /0 ( W + ciwn—1,1 — ) “K(xni, 1 + shy) ek (s)dsu_
l=r k=0

n—1 m 1
o Ty — & —a
+ Z hll Z/O ( hl ! + CiWn—1,1 — S) K(wn,h T+ shz)d’j(s)dSUl,j
l=r Jj=1
r—1 c;
Fae S / (ci = 8) K (i T + shn) o1 (5)dstn g
k=070

+ Rl Z/ /(ci — )T K (X4, T + Shp);(s)dsU, ;,
j=1"0
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where

n
o o }ln—%l
Wn,i = | I Wg, Wp = h .
- n

2.2 Volterra delays operator (K, qun)(zn.;)
221 phasel
Also, for phase I, linear delays operator (Ko, 4wy )(2y,;), has the form
(KD ) (5) = /O T s — ) K (s, $)un(s)ds,

1
= Z h / (Tn,s — 21 — shy) " “Kp(xn,i, x1 + shy)up(z; + shy)ds
0

+ hn/ 7 (Tn,s — Tn — 8hp) " “Kp(@ni, Tn + Shy)un (@, + shy)ds.
0

Substituting (6) in this equation, we have

(’nguh )(@n,i) Z hy / Tn,i — 1 — sh)” “Kp(@n,i, 21 + shi)un(z; + shi)ds

n—1r—1

+ Z Zh / 3 L Ciwn—1,— ) “Kp(Tn,i, 1 + shi)or(s)yi—rds
l=r k=0
n—1 m

e / Lt e = 8) " Kb w1+ sh)y (5)Uds

hi

l=r j=1

+ Al O‘Z/ "L ; T*Kp(Tn,iy Tn + 8hn) @k (8)yn—rds

+hy” D‘Z/ i — 8) " Kp(Tni, Tn + sha)thj(s)Un ;ds.

1246
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2.3 PhaseII (K, qup)(zn,i)
2.3.1 Phase II-A

In Phase Phase II-A, let i1 < m be the index such that ¢,,;; = n — 1 for ¢ < ¢;. For these indices, the
collocation equation at x,,; is given by

qTn 4
(KT 0 () = / (@ni — 3)""Kp(2n s, syun(s)ds
0

r—1 1
= Z h / (l’n,i — X — Shl)iaKD (xnyi, T + shl)uh (:L‘l + shl)ds
1=0 0

n—2 1
+ Z hi / (Tn,i — 1 — sh)) " “Kp(xn,i,z1 + shy)un(z + shi)ds
l=r 0

+ hnfl/ (wnz —Zn—1— S$hn-1) “Kp(Tn,i,Tn-1 + Shn—1)un(Tn-1 + shn_1)ds.
0

Now, by substituting (6) in this equation, we get

r—1 1
(KL M) (i) = >l / (@n,i — w1 — shi)” " Kp(@n,i, Tt + shi)un (@ + shi)ds
1=0 0

n—2r—1 1
—a In — I —a
+ ; kzzo h; /O ( I + ciwn—1,0 — 8)” “Kp(xn,i,x1 + shi)or(s)dsyi—r
n—2 m 1 2 x
—« n — 4] —a
+ ZE::T ]Ez:l hll /0 ( I + ciwn—1, — 8)” “Kp(@n,i, 1 + shi)y;(s)dsU;

r—1 Cn,i
+h g Z/ (1 + ciwn—1—8)" "Kp(Tnis Tn-1 + shn-1)pk(s)dsyn—k—1
k=0"0

+hl79 Z/ 7 (1+ ciwn—1 — 8)" “Kp(ZTn,i, Tn-1 + Shn-1)¢;(s)dsUn—1,;.
j=1"0

2.3.2 PhaseII-B

When ¢ > i1, the equation at at =, ; becomes

qTn i
(K)o = [ s = ) K (s, s)un(5)ds
0

r—1 1
= Z h / (Tn,i — a1 — shy) " “Kp(Tn,i,x1 + shy)up(z + shy)ds
1=0 0

n—1 1
+ Z hy / (zn; — 21 — shy)” “Kp(Tn,:, z1 + shy)un(x; + shy)ds
l=r 0

+ hn /‘nd(xn,i — Tn — Shn)iaKD(xn,iaxn + Shn)uh(l.n + Shn)ds
0

1247



Y.J. Subhi ef al. Malaysian ]. Math. Sci. 20(3): 1241-1268(2026) 1241 - 1268

From equation (6) and this equation, we have
1
(ICEII,{;B)uh t Z) = Z hl/o (mn,i — X — Shl)iaKD(Inyi, x; + shl)uh(azl + Shl)ds

n—1r—1

1 —_
+ ; kzzohllia /0 (xnhl il + ciwn—1,0 — 8)” “Kp(Tn,i, T + shi)pr(s)yi—rds
n—1 m 1 x .
—a n — &l —a
+ ; ; hll /0 ( n + ciwn—1, — 8)” “Kp(xn,i,x1 + shi)y;(s)U ;ds

+ Al QZ/ ; T*Kp(Zn,i, Tn + shn) @k (8)Yn—rds

+ hy” “Z/ K p(@nis T + Sho )05 (8)Un jds.

2.3.3 Phase III
For Phase III, we have
qTn
(IC(I”) r)(Tn,i) = / (Tn,i —8) " Kp(Tn,i,s)un(s)ds
0

1
= Z hi / (Tn,i — 21 — shi) " “Kp(Tn,i, o1 + shy)un(x; + shy)ds
0

1
+ Z hz/ (zn,i — a1 — shy)” “Kp(Tn,, 1 + shy)un(x; + shi)ds
0

/ (xn, — Zny — Shny )" “Kp(Tn,i, Tny + Shny Jun(Tn, + sha, )ds.
0

By using the equation (6), we get

(IC((XI”) )(Tn,i) Z hi / ZTn,i — 2 — shy) " Kp(Tn,i, 21 + shy)up(z; + shy)ds
ny—1r—1

—t e
+ Z Zh /0 T Ly ciwn—1,0 — 8) “Kp(Tn,i,z1 + shi)pr(s)dsyi—x

l=r k=0

ni—1 m

+ )0 h /

l=r j=0 l

+ ciwn—1, — 8)” “Kp(Tn,i,x1 + shy);(s)dsU; ;
et €yt xn — -’Enl —a
+ hny Z + ciwn—1,n; = 8)” “KD(Tn,is Tny + 8hny )Pk (5)dsYns —k

o Cn i mn Tn o
+ Py Z/ =t ciwn—1,n; — 8) KD (Tn,i,Tny + Sha, )¥;(s)dsUn, ;.

Note that, in the general form we obtain
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r—1 1
(Kaup)(@n,:) = Z hi / (@n,i — @ — shy)” “K(xn,i, 1 + shy)un(zr + shy)ds
1=0 0

n—1 r—1 1
—a Tn,i — L1 —a
+ Z hll Z/o ( T h $) K (Tn,i, 1 + shi)pr(s)dsui—g
l=r k=0

n—1 m 1 L
+Y Mt Z/ (%’ZTW —8) K (n,i, 21 + shi);(s)dsU,; )
I=r j=170
L
+ h:fo‘ Z/ (% —8) “K(Zn,i,Tn + shn)or(s)dsun—k
k=070 "
11—« - “ Tn,i — Tn —a
S [T K st ) (5)dsUn .
j=1"0 "
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and
(Ka,quh)(xn,i) =

r—1 1
Z hy / (xn,i —x — Shl)iaKD (wnyi, x; + shl)uh(xl —+ Shl)dS
1=0 70
n—1 r—1 1 Tni — T
+> m Z/ (% —8)"“Kp(®n,i, 1 + sh)) ok (s)yi—rds
I=r k=0"0 !
n—1 m 1 Tni — T
+ Z hllia Z/ ('flﬂhi — S)iaKD(:En’i,ml + Shl)’wj (S)Ulyjds
= j=170 !
" r—1 ]Cni T —
+hy Z/ (%ﬂ —8)"“Kp(@n,isTn + shn )@k (s)yn—rds
—_ov0 n
k=00 o
+hy Z/ (F— = ) KD (nis n + sha )iy (5)Un, s, Phasel,
j=1 0 n
r—1 1
Z hy / (xn,i —x; — Shl)_aKD (fn,iy x; + shl)uh(:cl —+ Shl)ds
1=0 70

n—2 r—1 1
— Tn,is — T _
F RS [T ki + shos (s
I=r k=070 l

n—2 m 1
— Tni— T _
+ z hll « Z/ (7‘%1}7] L S) “KD(xn,i,ml -+ shl)wj (S)dSUlyj
I=r j=170 l

r—1 e .
_ T i — Tp—1 _
+hl7g / (% —8) “Kp(Zn,i,Tn—1+ shn-1)pr(s)dsyn—r—1
k=070 n
11—« G nyi Tn,i — Tn—1 —a
+hn—1 Z ( h - S) KD(xn,iyznfl + Shnfl)wj (S)dSUnfl,j»
j=1 0 n

Phase IT-A, (10)
r—1 1
>k / (Tn,i — 21 — shi)) " “Kp(zn,i, o1 + shi)up(z; + shy)ds
= 0
70171 r—1 1 Tni — T
+D e Z/ (22— — )T K p(@n,is 11 + shy)or(S)Yi—k
I=r k=00 h
n—1 m 1 T — T
+ e Z/ (% —8) " YKp(@n,, 1 + shi)y;(s)Up jds
I=r j=170 l

r—1 o i

_ i Ty — T _

i Z/ (" = 8) " “Kp(Tn,i; Tn + 5hn) k() yn—kds
k=070 ha

m Cn i i — T
+h$ﬁ‘”2/ (% — ) K p(2n.i,n + shn);(s)Un jds,  Phase II-B,
=iJo 1

r—1

1
> hl/ (Tn,i — 1 — shy) " *Kp(@n,i, 21 + shi)up (2 + shy)ds
1=0 70

qn,i—1 r—1 . i —
+ Z hllia Z/ (L —8)"“Kp(xn,i,x; + sh)er(s)dsyi—k

0 hy
l=r k=0
n,i—

1 m 1
— X "—Z’l _
+ E R} O‘E /0(7“}” — 8)T*Kp(2n,s, 2 + shy)p;(s)dsUp ;
I=r j=0

Tl e, Ty i — T
1— A Tni — T _
+ha,; Z/O (———= = 8) “Kp(Tn,i, Tq,, ; + sha, ;) er(s)dsyq, ,—k
k=0

T rCni Ty — Tg,
""hé;,? Z/ (””7‘1“1 —8) " “Kp(®n,is2q, ; + shq, ;)¥;(s)dsUq, ;,j, PhaseIIL
j=0"0
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Now, with the definition of vectors and matrices
1
/ (Tn,1 — @ — shy)” (K(xn,hxz +shy) + Kp(zn,1, 21 + shz))uh(xz + shy)ds
0

) :
/ (Tn,m — @1 — shy)™ (K(In,m, z; + shy) + Kp (Tn,m,z1 + shz))uh(wz + shy)ds
0

T
A, = diag(xn,l,xn,z, N xnm) B, = (f(xn,l),f(xn,z),...,f<xn,m)> ,

T T
U, = (uh(ajn,l)7 uh(£n,2)7 ey uh(wn,m,)> = (Un,h Un,27 ey Un,nL) 3

()

s

W R Xp,i— —a
(WD’,Q,A> = (/0 (% —8) “Kp(zn,i,zx +PhA)IUr(P)dP>7

ir

(/ (7”’1 2 —5) “K(zn,i, A +Phk)w'r'(/))dp>7
0 hx

T
Y = (ylvylflm"wyl—r+1> .

Then, from equations (2.3.3) and (10), we get

r—1
<I —hy AR <w§;‘;# + WC"J"’”))UTL = A7 B+ > A Pe

D,a,n
=0
n—1 n—1
S5 e <w;¢; N wggvl>yl o5 prea <w;;;b Wy ,l>ul
l=r l=r
+him*ALP (ng;:" + W )Yn, Phase,
r—1
I—m o APWe UL = A7 B + 3" mALPCy
=0
n—2 n—2
S R <w;¢; N wggvl>yl P prea <w;3;b Wy ,l>ul
l=r l=r

+hy AP w;f;:”)m +hl79A,° <w§;ﬁ;‘;,fl + w;1ﬁ1>Yn_1

D,a,n—1 a,n—1

+hlmeaL”? Wer ¥ pple >Un1, i=1,2,..,0n, Phasell-A,

r—1
<I — hieAL? <W3i;;” + WE’j;j”f))Un =A."B. + > mALPC (11)
=0
n—1 n—1
e St (war e Jros Saea (i el o
l=r l=r
1—a 4—8 Ciyp Cn,i P .
Tha " An (WD‘!'"‘ +WDan>Y"7 t=vn+1,...,vm, Phase 1I-B,
r—1 n—1
<I —hy AP Wéi#”)Un = A Ba+ Y mAZPCL Y W TUATIWLTY,
=0 1=
n—1 Qn,i—1 "
+ 50 BT AW+ AP WERY Y R T A PR Y
l=r I—r

qn,i—1
1—a g—Byr,l, T—a g—Byp,Cnir®
+ D M TAIWE Ul e SAPWELL Y
l=r

FhICATPWEEY U, Phase III,

—1 m
Yni1 =D r(Dyn—k + D ¥i(DUn,;-
k=0 Jj=1
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The general form of equations (11) in triple paths are equivalent to the following equations

(I —hn ALY (wz:;# + w?g:f))vn

n—1
= A, Bn+Zh1A fei+ > hA, ﬁ(w +WDal>Yl

1=0 l=r
n—1
+D AP (W +Wp¥ Z>Ul +hiTeAns (W;f;f + WBj;j;jj)Yn, Phasel,
l=r

(I —hy AL (WC”" +5 wj,";”jf))un

—A; Bn—f—ZhlA 5C’Z+Zh1 A= 5(1/\/ **"+WDM)YZ
=0 l=r
Zhl CAE (WP WL UL+ B AL (Wit + SoW i E )Y n
(12)

Cn,i P

+h1 aA ? WM) 1+SOWDan 1+SIWE 1 )Y

A GATE (WAL 4+ SoWEY, L+ SIWEY VU, Phase IT

(I - hh—ﬂAanf;;@Un

r—1 n—1 n—1
= A B+ S WAL+ ST A WIY ST R AW T
=0 l=r l=r
qn—1 qn—1

l—a BACi» l—a 11—«
+hn An WM“"YnJrZh APWER Yo+ > T APWEY U,

l=r

hénaA B SOWID“;q +S1W3;§ﬁlqun
Hhin ® An® (SOWEY, o + SIWELY VU,
Ry AT SOW Y L Y gt +héiﬂAgﬂSOWgﬂi%—lU%“’ Phase Il
Y 11 =®Y, +WU,,
where
q>7{ 0r—11 | I } U = St
(0 [ ora(D, ool | bW e ]

So = diag( O0,...,0 ,1,...,1), Sy =diag( 1,...,1 ,0,...,0).
—— ~—

up to the vy, th up to the v, th

Now, our main goal is to analyze the solvability and uniqueness of the solution of system (12) in triple paths. For this
purpose, we define the coefficient matrices of system (12) in the triple paths as follows

B (q) = <I —hy AP <Wc“w + Wz," mb) > , Phase I,
Bu(a) =1 BYD(g) = <I hae g (WER + 5o wDajf)> Phase II,
B (q) = <I —hh oA, ﬂw&i#), Phase IIL.
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Theorem 2.1. Provided the functions K and K p are continuous on their respective domains Q and Qp, and the sum o + 3 lies
strictly between O and 1, the following holds: For any given set of collocation parameters 0 < ¢1 < --- < ¢m < 1, one can find

positive constants i (form = I,1I,11I) and h such that the matrices By, (q) are invertible. This invertibility is quaranteed as
long as the step size h does not exceed the maximum of the values h, which in turn is bounded by the minimum of the A values.

Proof. For given collocation parameters {c; }7> ;, we obtain following phases:

Al. In phase I, we obtain

i G (T — Tn —a
I Wgwnw lloo = i:T.a:?(mZ |/ (T — s) K (Tn,iTn + shn)pj(s)ds|,
j=1

1
< —— || K [loc Wim(a) maxe;~,
11—« K3
lea
< T 1K lloo ¥m(a),
l1-a

where the value of the constant a depends on the chosen collocation parameters {c;}. Here, ¥;,(a) denotes the
Lebesgue constant, which is defined as

U,,(a) = max ZW)J(S

s€[0,cm] =1

Also

Weni® [ (T m T T e } b Yo (s)d
|| D,a,n ”oo —izl’lnaszl T — S D7(:B’n,l’xn +s n)'l/)j(s) 3‘7
yeen —

1 _ _
T2 [ KD lloo @m(0) max{(ei = eni)' ™ —¢;~"},

1
(em —en)t™e — c}_a

l1—«

I KD lloc W (b),

where the value of the constant b depends on the chosen collocation parameters c,, ;. Here, ®,,(b) denotes the
Lebesgue constant, which is defined as

m

B0 fpax 29

Now, let @,,, (c*) = max{®m (a), P (b)}. Then we have

IRE A7 2 (Wil + W) lloo

D,a,n

i n,i ¥
= max ‘h},L_aAT_Lﬂ (W&L;L‘I} + WCD ;1 n ) ‘)

IN

=21 AZE ool (Wi + WEEY ) lloo,

— - : Cn,is
<h AL oo <|I W Hloo + | Wit oo >

jyet 11—« jEyet
c Cm — C —c
< h;%clhn)ﬁ(l’"a | K oo e + e T2 Ty gy wm(w),
1—ap . 5[ cm " (em —cna)' =% =™ *
< b P ) P K e+ — | Kb lloo | m(e).

On the other hands, a necessary and sufficient condition for the validity of the relationship

” h}l_aA;B(chﬂ +WCD'LD;L’"> HOOS %7
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is to have
11—« 1—a
1— Cm —Cy —c
hn " Pe B( | K oo +Em=tnt) 22y KD|oo>wm<c*><;,
<
hy P < ,
=8 opi (em—cp, )1 =¥ —e] ™ .
2] K oo+ o) 7 ) | ()
=
- 1
T—a—05
hn < L } ,
cm—cnp l-a_l-o
'2c15< WKDmo)qu,(c*)
=

[ B[ i (em—cn,1) " %—c] ™" .
hn < |2¢5 2 K [loo + : I Ep lle | ¥m(c*) )

11—«

=

'2 _8 3 T—a—R
hn < 1c_1a <C}n K s +((Cm —cna)' T _Cl ) | Kb [loo >‘I’m(6*):| .

Since 0 < a4 B < 1,and ¢; > 0, the constant

277 [ ) “T=a=p
] G L S (e NP U N E e ,

is well-defined. Moreover, the matrix A, is invertible and its norm is bounded by || A, s lloo < (c1hn)~A. Given
the assumption v + v < 1, if the step size satisfies hy, < h{(!), then

WD =

| b= AR P (Weink + Wi ) llee<

N

A2. Inphase II, we have

Il So lle=1,
and
Cn,iﬂ/) Cn,i»w
I SoWp' ' lleo< 11 So llocll W'y lloo

(C _e 71)1_ Cl @

< L || KD lloe i (8) :

—

(C _e 71)1_01 _Cl—a N

< KD e ¥m(e).

Given that « + 8 € (0,1) and ¢1 > 0, we can define the constant B,&”) = (D). This definition, together with the
condition « 4+ 8 < 1, implies that for any step size h,, < RUD),

o g— - Cn,ir ¥ 1
| hh A S (Wei + SoWiin ) lloo< 5
A3. In phase III, in the same manner, we have
| B ™ AR PG Hloo=[h ] 1| A ool WY oo,

17
<HE®(erhn) I | K oo Win(a),

70{
_g¢ N
<hymo e 1’" 1K oo @m(e™)-
—«a
On the other hands, a necessary and sufficient condition for the validity of the relationship

I A= AZIWER oo 3,
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is to have .
l—-a—8 — m,ia *
b P P K oo Win(e) < 3
= hy P < ——
2¢; P G || Kl oo Win (c*)
1
T—a—7
< hn < [ S— }
2¢7 P G || K || oo Win (c*)
9= Bel—a . T 1-a-B
= hn < [Cll_c;" | K [loo Yom(c )]
Now, we set
- (1) 2c7Bla “1=a=R
RO = |25 K g W () . (13)
l—-«
Then we get
| ha AR PWELY || so< L,
where
—B 1—«a - 1—é—ﬁ
~(III 2c C
hn S h'gz n = <1m ” K ”00 \DW(C*)>
1—«
Now, acording the cases A1-A3, B, (q) forn =0,1,..., N — 1, are invertible. Therefore, the system of equations (12) has
a unique solution and the proof is complete. O
Algorithm
1. Input the values: X, N, r, g, m, s, and ¢; for every ¢ from 1 to m
2. Provide y1, ..., yr and up (z; + shy),l = 0,...,r — 1 as the starting values.
3. Using Equation (7), (8) calculate the values for ¢ (s) and 9, (s).
4. Fori=1,---,m,putqo; =0,and cg; = qwo}:&
90,1
5.Forn=1,...,N — 1,
Fori=1,...,m,
Fork=1,...,n,
Ifxy_ 3 <qrn: <z, theng,; =k—1,
If gzy, s > xp, then g, ; = n,
ATy, i —Tq, ;
Compute ¢, ; = T
5.Forr <n < N — 1, solve the system of equations given by (11).
6. For the solution obtained in the previous step, take the values U,, ; (forall j = 1,...,m) and insert them into Equation
(6).

7. For r < n < N — 1, calculate the value up (zrn + shyn) using the results from the previous steps.

3 Convergence

Volterra integral equations with weakly singular kernels (of algebraic or logarithmic type) typically have solutions
whose derivatives are unbounded at the left endpoint of the interval of integration.Note that the regularity of the unique
solution for the third-kind Volterra integral equations in the following form is different and is closely connected with
cordial VIEs

2 y(x) = f(@) + (Kay)(@),2 € I = [0, X], (14)

where .
(Ko@) = [ (@ =5 " K(as)u(s)ds,
0
and a € [0,1), A > 0, f(x) = 2 h(z) with h € C(I). Also, K (z, s) € C(I") and for a + A > 1, have the form
K(z,5) = s* T K (z,s),

where K (z,s) € C(T"). From [2], the following Theorem shows the regularity of the solution y(z) for VIE (14).
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Theorem 3.1. (See [2]) Let 0 < a + X < 1, and assume that h € CP(I) and K € CP(T"). Then the unique solution of the
third-kind Volterra integral equations (14) is in CP(I). Also, for a + X > 1,if h € CP(I) and K e CP(T), then y € CP(I).

Here, we consider third-kind Volterra integral equations with vanishing delays. As you know delay differential equa-
tions and Volterra functional equations with smooth data and proportional delays that vanish at the left endpoint of their
interval of integration I = [0, X possess smooth solutions on I [7]. Like as (14), the functional equations considered in
this paper, have the common feature that smooth data led to smooth solutions.

We now analyze the convergence of the multi-step collocation method for equation (1). To this end, we require the
following lemma:

Lemma 3.1. [8] Let the linear 3-KVIEs
2y@) =f@) + [ =) K@ su(s)ds+ [ @) K sy(shds, z € (15)
(0] 0

possesses an exact solution y(x). This solution y(x) obeys the following relation for any choice of collocation parameters
0<c1 <+ <em <1t

y(xn + shp Z or(8)Y(Tn—_k) + Z 7/)] (8)y(xn J hWJrTRmJ'»n(S)v

where

1
Ron,rn () :/ me(s,f)y(mjw)(xn + Thy)dT,
—r+1

r—1
_ 1 m+r—1 m+r—1
Km,r(s,7) _(Tn—i-7”—1)!<(ST)+ *];J<Pk(5)(*k*7')+
=2 — r)gm”l),
j=1
s—T, s—7172>0
(s=7)+ =
0, s—17<0
The error equation is obtained by subtracting (4) from (15):
T qz
2PE(z) = / (@ — 8)"“K (2, )€ (s)ds +/ (@ — 8) " Kp(x,)E(s)ds, @€ I, (16)
0 0
where the exact solution £(t) = y(x) — up(t), satisfies in
5 wn + Shn Z (Pk En_k + Z 'w] hm+ Rm T, n(s) (17)

with &, _, = 5(:cn_k), gn,j = g(l‘n’j).

Theorem 3.2. Assume that

A. The given functions in 3-KVIEs (15) satisfy K € CP () and f € CP(I), withp = m +r.

The error of the exact multistep collocation method is defined as £(t).

=

C. The starting error satisfies
8(tl+8hl):h§)ql(s)7 l=0,1,...,7r—1, ||ql(5)||00 <, (18)
where C| is a constant.

D. p(®) < 1, where p(®), the spectral radius of the matrix .

Note that, this condition, validates the convergence of successive approximations in the iterative scheme, and ensures the con-
traction property needed for the existence and uniqueness of solutions.
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Then
| € lloc= O(hP~<),

where h = max  h;.
0<I<N-—1

Proof. In the same manner in section 2.1, for linear operators (Ko En)(2n,i), by substituting the equations (3) and (18) in
equation (3) and after some computations, we obtain

r—1 1
—a Tn,i — T —
(Kag)($n,i) = Z hf / (Tl - S) aK(l‘n’i, X + Shl)ql(s)ds
1—0 0 1
n—1 r—1 1 L
+D Z/ (% = 8) " K(xn,i,zi + shi)pr(s)ds&_
I=r k=0"0 !

n—1 m 1
— Tni— T _a
F MY [ e s+ sha)y(s)dsér,
I=r j=170 l

n—1 1

— Ini— X —a

+ Z T / (’Tl —8) “K(xn,i,® + shy) Ry, (s)ds
l=r 0

r—1 c.
fTp i —
+hD / ("’Zhin —8) K (Tn,i, Tn + shn) ok (s)dsEn_j,
k=070 "

m c
i Tpg—t
+hl e Z/O (7%;1 D 8)TOK (T, T A shin )W (s)dsEn
=1 n

n

p—a i Tn,i — T —a
+ hb (——— —5) " *K(xn,i,n + Shn)Rm,rn(s)ds.
0 hn

On the other hands, by using the matrix notations we have

r—1 n—1 n—1
(Kal)(@ni) =Y W OWot + 3 b= WETEL + > by~ VIh®) (o

=0 l=r l=r
R e N (19)

F D RETOW T R TOWESE B + by WY By
l=r

+ hg)l—aw;z"hRm,r,n )

To calculate the delay operator (Ka,¢En)(xr.;), we will consider the following triple paths:
y op .q , g triple p
3.1 Phasel
For phase I, the linear delays operator (K«,4&)(r,:), has the form
7 r—1 n—1 n—1
— 1 — _
(KERE) @ni) =D R WEH £ 3" hI =W B + > Wl WLV By
=0 l=r l=r
n—1
_ Ry _ . _ , (20)
+ DR 4 BT OWELE B+ bW Ban
l=r
+ hzr)LfaW;z;;lRm,r,n )
Note that, equation (15) in path I is as follows

2) i E(@n,i) = (Ka)(@na) + (KE4E) (@n,0). (21)

Now by substituting equations (19) and (20) in equation (21), we get
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1—a 4—B cib Cn,ir¥ 1—a 4—B Crir® Cis Fo,
[1 — R AR (WER W) —hhe AR <WDWL LS w) {Elﬂ
n—1 E
_ l1—a —B —-B ) 2,1
=2 M An (W +WDal> A <W ¢+WDO¢Z>:| {Ell]
l=r 5
r—1
e Snea (whr i, )
1=0

p—a B lRmrl LRy vt
e St (Wi Wl

+hffaAEﬁ (ng,;LRm,v',n + ch,iaRmJ‘,n> .

D,a,n

By setting h := rr(lﬁx hi, forl =0,1,..., N — 1, equation (22) simplifies to
[1 — R AP (WE A W) —hleag? (wé";’if + WCM">] [E“]

El,n
n-1 - (23)
e o o) ot oot 2] o
l=r ’

Also, expression (3) with — 1, in place of n and s = 1, get

E1g=®FE1; 1 +¥YEy; 1 +hpmri1, 12T,

0 0] [Eay 0 0 EQH} [ 0 }
I = 8 hP | . I>r 24
{0 1} [Eu} {‘1’ ‘1’} [Eu—l T B =" (24)

Therefore, (23) and (24) can be rewritten as:

or

I— hlfozAT—Ll'3 (WCwT/) + WZ)H(;Z)) _hlfaA;ﬂ (WCDH;": + W;flf) 5
1,n

0 1

n-l AnB<W +WDal> AnB<W +WD0¢Z> [Ezl )
E1J
0 0

0 Of [E2n—1 —a
+[m qJ {El,n_l}w(’“’ )

3.2 Phasell

We know that phase II, includes two sub phases II-A and II-B. Now, we analyze operator (Ka,¢&)(2n,;), in both paths
separately.

3.2.1 PhaseII-A

Equation (15) in phase II-A, will be as follows

2 Eni=(KaE)(@ni) + (KL E) @n.). (26)

n,t
In this phase, there exists i1 < m such that g, ;;, = n — 1 and gy ;41 = n. If i < i1, then the linear delays operator
(’Cgf{{ziA)g)(En,i), has the form
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qTn, 'L
(IC((I{{;A)S)(JC = / (xn,i —3) " “Kp(xn,i,s)E(s)ds
0
r—1 1
= Z hy / (xn,i —x; — Shl)iaKD (wnyi, x; + Shl)g(xl + shl)ds
1=0 0
n—2

1
+ Z hy / (zn,i —x; — Shl)_aKD(:En,i, x; + Shl)g(aﬁl —+ Shl)ds
l=r 0

Cn,i
+ hn—1 / (In,i —Tn—-1— Shnfl)iaKD (afn,i,xnfl + Shnfl)g(xnfl + Shnfl)ds-
0

By using the matrix symbols (2.3.3), equation (26) can be expressed in matrix form as

[A hl aWc“w _hl aWc“(p] E2 n
El ,n
_pl- Cn it Lo Cn,i® Eamn—1
- hn701< [Woz n-1t WD ,an—1 Wa n—1 WD,a,n 1] |:E1 Zfl:|
n—2 E
1— 2,1
+Zhl a[ PHWEh W +WDocl] [Eu} (27)
p—a 1 Rm vl 1, Ry 1 = p—a ,qz »q1
+Zh +Woln 1 +Zhl +Wph

1,R — ci Rm r Cn,isBm,
+hp aW m rn—1 + hﬁ aWo;,n m,r,n + hp clwan,Ql nlnlr n
>

By setting h := rr(lla)x hy, forl =0,1,..., N — 1, we can simplify (??) as

) . E
|:An _ hlfawgzhw _hlfawgz;:p] |:E2,n:|
1,n
_pl— 1, Cn,is¥ Cn,irP Ean—1
=h [Wa,n—l + WD,a,n—l Wa n—1 + WD a,n—l] |:E1’:_1:| (28)

D,a,l

n—2
R STIWLY Wt Wi+ wp? ] [EQ ’] + O,

In the same manner in phase I, and by using the equation (24), equation (28), can be expressed in matrix form as:

Ap = RImOWEY —hi WG] [Ban
0 I El n

1, Cn,is ¥ 1,0 CnyirP
= pl—a Wa,nfl + WD,a,nfl Wa n-1t WD a,n—1 Ean—1
N P Ein-1 (29)

Lpl-o Z { +WD o W +0WD al:| E%l} + O(hP~).

s

3.2.2 PhaseII-B

For i > i1, the collocation equation defined at the point ¢, ; is given by

& En(@n,i) = (Ka€n)(@n,i) + (K8 P E0) (@n.0).
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Hence in the same manner in phase II-A, we will have

I—nl=oaAy? (w;ﬁg;:f + W&%‘”) —hlmeAn? <w;’j;:;:f + wsx,#) [Ezn}
Ein

’

n-1l|, -8 IRY 1,9 -8 1, 1,
— pl-a Z An (Wa,l + WD,a,l) An <W0¢,f + WDfx,l) Ea (30)
l=r 0 El,l

0 O0f|E2n-1 p—a
+[\If @} El,n71}+o(h )

4 Phase III

In phase III, there exist positive integers n; < nandi; < m forwhichg, ;; =ni—1and gy i, +1 = n1. Consequently,

@8 E(@n,i) = (Kal)(@n) + (KEEE) @n ), (31)

where .
(KD E) (2 ) = / (@ni — )" K p (., 8)E(s)ds
0

r—1 1
= Zhl/ (mn,i — Xy —Shl)_aKD(:Enﬂ;,ml —‘rshl)g(:l?l +shl)ds
=0 0
qn,i—1 1
+ Z h; / (xn,i -z — Shl)iaKD (In’i, x; + Shl)g(xl + Shl)ds
t=r Cn 1'0 _
tha, ;. Jo " (Tni — Zq, ; — Sha, ;)T KD(Tn,i, Tq,, ; + Shq, )E(2q, ; + shq, ;)ds.

Therefore, equation (31) can be expressed in matrix form as:

I — h“"‘A;*BW&i;}” _hlfaA;laW;z‘!:n@P E27n
0 I El,n

17, _
= pl— X Anﬂwi:;p Anﬂwi:f E2,l
—~ 0 0 B
- n,i % - n,io
+hl-a AnBWCD{a,qni Angwg,aﬂfni EQ‘q"vi (32)
0o 0 | Bran
qn,i—1 _ 1 _
s S0 AW AW (]
= 0 0 LW
0 O0f|E2n-1 p—a
#lo o] [En] rour
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Now in the general form, in the 3-phases by using of the equations (25), (29), (30) and (32), we have

- wiean? (Wl + Winit)  —himeag? (Wé’i;i,‘i'f + WW> Ean
0 El,n

A B<Wocn 1+WDan 1> A B<Wan 1+WDan 1> |:52a"—1:|
1,n—1

n=2| -8 o (wie
_ A +W A W, +wW Ey
pime 37 | An ( Dal) n < Daz> [2}
i I=r 0 Eq,

0
+O(hP~2), Phase I,

I—hi=oa,? (sowg"g’jf + Wc“”’> —h'meAL? <sowglg’jf + WCW> {EM}

El,n
1
T
An3<ww+wDal> 0
n—2
o 0] [E2n w Eay
- |:\II q>j| |:E1,7L71} +h ; |:E1,lj|
B AnB<W +WDM> 0
T (33)
A ﬁ<Wan 1+S()W%)u;n 1+31W2)n2::f—1> 0
+h1—a |:§21”—1:|
B [ 1,n—1
A Wan 1+SowDan 1+51WD,a,n—1
+O(hP~%), Phase II,

0 I Ein \'4
BW ﬂ/) A ﬁW #ﬂ EZ,Z
E1.

[I—hl—aAgﬁwg{;? —hl—aA;BWf;;’n“’} |:E2n:| _ {A;BWile Ay BW;*; 1}

an — Byl =Byl
AW ALCW E
l1—a Dal n D,a,l 2,1
S oo 5]
I=r ’
pt-a |An SOWE";’ff +1 An SOwZn;:jwl B2.qn+1
E1,qn+1
Cn,i ¥ - Cr,is
e |An (Sle’d,q +SOWDM> A7 (SOWELEE 4+ SoWhe, ) {Emn}
0 0 1,an
+O(hP~9), Phase III,

where Sp, S1 and A, 8 , are clear.

Now, we show that system (33) has a unique solution. To do this, according equations (13), and triple paths, it can
be seen that the structure of the matrices of unknown coefficients are similar in both systems. Therefore, according to
theorem 2.1, the coefficients matrices

BS"” (9), Phase I,
B (q) =4 B."'(q), Phasell,

B (g), Phaselll,
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are bounded and have a invertible matrix. On the other hand, if we set

B\ (q,h) = (B,&”(q) +<9(h)) =

where

D,a,n

B () =

—a B Cn,is® it
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0
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Hence, in equation (33), we get
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Now, according to assumption p(®) < 1, we can get a bound for
E2,n
E 1,n ’

This establishes the desired result. O

5 Numerical tests

For equation (1), we use the parameters in Table 1 and select f(x) to yield the exact solution y(x). The collocation
parameters are given in Table 2. All numerical computations were performed using Mathematica 11 on a laptop with an
Intel Core i7-1065G7 processor and 8 GB of RAM.

A a g K Kp y(x)

Example 1, A + o < 1 1l 541 s+2 af
Example 2, A\ + a > 1 2 2 1 B 5 ¥
Example 3 [32], A\+a=1|1 0 1 s* s+1 a°

Table 1: Assumptions of equation (1) in the given examples.

C1 C2 C3
m=2,¢,=1]07 1 —

5 6
m:2,cm<1 6 7 -

—_

m=3,¢,,=11]0.6 0.7

Table 2: Collocation parameters.

These examples are solved using one-step [32] and multi-step collocation methods across different values of m by
the modified graded mesh with ¢ = 2. The numerical results, compiled in Tables 3-8, indicate that the multi-step method
yields greater accuracy compared to the one-step method. For ¢, = 1 withr = 2,m = 2, we considerc; = 0.7andcz = 1
such that at these points p(®) = 0 < 1. Also for the case ¢y, < 1 withr = m = 2, we consider ¢; = 3, ¢z = & such thatat
these points p(®) = 0.0836 < 1. A comparative analysis of the numerical experiments(Tables 3-8) demonstrates that the
proposed numerical method in the previous section achieves significantly higher accuracy than the one-step collocation
approach developed in [32], particularly for smaller step sizes.

N  One-step m = 2 One-step m = 3 Multi-step m = r = 2

23 1.25 x 1071 2.14 x 1072 6.59 x 10~
24 5.71 x 1072 8.95 x 1073 5.12 x 1074
25 2.45 x 1072 8.03 x 1073 3.39 x 1074
26 9.92 x 1073 2.88 x 1073 8.05 x 10~°

Table 3: Maximum errors for ¢,,, = 1 in Example 1.

To assess computational efficiency, we present detailed CPU time measurements for both methods in the Tables 9-11,
providing direct comparisons of algorithmic performance. In addition to its high accuracy, the multi-step method is very
close to the one-step method [32] in terms of execution time.

We plot the order of convergence for the one-step (m = 2, ¢;n = 1) and multi-step (m = r = 2, ¢, = 1) methods in
Figures 1-3.
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N One-stepm = 2 One-step m = 3 Multi-step m = r = 2
23 1.35 x 1072 5.83 x 1073 5.26 x 1075
24 7.09 x 1073 4.03 x 1073 3.80 x 1075
25 4.79 x 1073 3.81 x 1073 1.61 x 107°
26 2.37 x 1073 1.88 x 1073 5.69 x 10~6
Table 4: Maximum errors for ¢,,, = 1 in Example 2.
N One-step m = 2 One-stepm =3 Multi-step m = r = 2
23 2.00 x 10~2 5.79 x 1073 3.47 x 1075
24 5.54 x 1073 1.37 x 1073 1.67 x 107°
25 2.14 x 1073 9.07 x 10~4 7.65 x 1076
26 7.00 x 1074 4.59 x 1074 2.78 x 1076
Table 5: Maximum errors for ¢, = 1 in Example 3.
N One-step Multi-step
23 126 x 1071 941 x 1074
24 6.37 x 1072 7.75 x 1074
2% 2.71 x 1072 3.70 x 104
26 9.18 x 1073 1.29 x 10~*
Table 6: Maximum errors for ¢,,, < 1 withm = r = 2 in Example 1.
N One-step Multi-step
23 142 %1072 1.82 x 1071
24 7.56 x 1073 1.34 x 10~*
25 494 %1073 5.77 x 107°
26 247 x 1073 2.06 x 10~°
Table 7: Maximum errors for ¢,,, < 1 with m = r = 2 in Example 2.
N One-step Multi-step
235 340 x 1072 1.61 x 10~ %
24 938 x 1073 6.50 x 10~4
25 3.10x 103 2.53 x 10~°
26 8.76 x 10~* 8.99 x 10~6
Table 8: Maximum errors for c,, < 1 withm = r = 2 in Example 3.
CPU time CPU time CPU time
N One-step m = 2 One-step m = 3 Multi-stepm =7 =2
23 0.890 2.47 1.12
24 2.62 5.62 4.54
25 9.53 21.9 18.5
26 36.1 84.9 73.8

Table 9: CPU time in Example 1.
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CPU time CPU time CPU time
N One-step m = 2 One-stepm =3 Multi-step m =1 =2
23 1.04 2.76 1.82
24 3.75 6.32 5.04
25 9.48 22.6 18.6
26 35.2 100 73.5

Table 10: CPU time in Example 2.

CPU time CPU time CPU time
N One-step m = 2 One-step m = 3 Multi-step m =r =2
23 1.56 2.60 1.07
24 3.10 6.04 4.74
25 9.62 21.9 20.1
26 35.6 82.7 80.7

Table 11: CPU time in Example 3.
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0
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Figure 1: Plot of order of convergence for the one-step (m = 2, ¢, = 1) and multi-step (m =7 = 2,¢p = 1)
scheme in Example 1.

6 Conclusion

This work has established the multi-step collocation method as a reliable and accurate numerical approach for solving
a class of third-kind Volterra integral equations (VIEs) with vanishing delays. The theoretical convergence results were
validated through a series of numerical examples. These tests confirmed the consistency between the numerical results and
the theoretical analysis. A key direction for our future research is the analysis of multi-step collocation methods applied
to challenging weakly singular VIEs with non-vanishing delays.
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Order of convergence
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Figure 2: Plot of order of convergence for the one-step (m = 2, ¢, = 1) and multi-step (m =r = 2,¢p, = 1)

scheme in Example 2.
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Figure 3: Plot of order of convergence for the one-step (m = 2,¢m = 1) and multi-step (m =17 = 2,¢ = 1)

scheme in Example 3.
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