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Abstract

We investigate the application of collocation schemes to a class of Volterra delay integral equa-
tions that feature compact and noncompact operators. This class of integral equations with van-
ishing delays is solved numerically usingmulti-step collocation techniques implemented on var-
ious mesh types. The study includes an analysis of the associated operators and establishes the
existence, uniqueness, and regularity of the exact solution. We prove the existence and unique-
ness of the collocation solutions on different meshes. Additionally, the convergence criteria and
the corresponding order of convergence are presented for each mesh type. The validity of the
convergence analysis is verified through numerical examples.
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1 Introduction

We present an analytical and numerical study of third-kind Volterra delay integral equations
(VDIEs) with proportional delays

xλy(x) = f(x) + (Kαy)(x) + (Kα,qy)(x), x ∈ I = [0, X], (1)

with the Volterra integral operator Kα given by the following expression:

(Kαy)(ν) =

∫︂ ν

0

(ν − w)−αK(ν, w)y(w)dw,

(Kα,qy)(ν) =

∫︂ qν

0

(ν − w)−αKD(ν, w)y(w)dw, q ∈ (0, 1),

and α ∈ [0, 1), λ > 0, f(x) = xλh(x)with some continuous function h. Also,

K(ν, w) ∈ C(Γ),KD(ν, w) ∈ C(ΓD)

with Γ := {(ν, w) : 0 ≤ w ≤ ν ≤ X}, ΓD := {(ν, w) : 0 ≤ w ≤ qν ≤ X}, and for α+ λ ≥ 1,
have the form

K(ν, w) = wα+λ−1K̂(ν, w), KD(ν, w) = wα+λ−1K̂D(ν, w),

where K̂(ν, w) ∈ C(Γ), K̂D(ν, w) ∈ C(ΓD).

Allaei et al. [3] have studied the following equation

τλy(τ) =f(τ) + (Kαy)(τ), τ ∈ I. (2)

The spline collocation method in piecewise polynomial spaces was applied to the third-kind
Volterra integral equation (2). The compactness of the operator for the equivalent third-kind
Volterra integral equation (1), under certain conditions, guarantees the unique solvability of the
resulting algebraic system for all sufficiently small mesh diameters. However, for a noncompact
operator, the solvability of this system is not assured on either uniform or classical gradedmeshes.
The solvability problem was addressed through the introduction of a modified graded mesh. Us-
ing these meshes, they prove that the collocation solutions achieve the optimal order of global
convergence. For the numerical solution of the third-kind VIE (2), Bhat et al. [6] developed an
approach utilizing Lagrange, modified Lagrange, and barycentric Lagrange polynomial approxi-
mations, for which they also established convergence. A special category of third-kind VDIEs is
defined by the presence of cordial Volterra integral operators(CVIEs), which were first defined
by Vainikko (2009) [35] and [36]. Also, CVIEs has been investigated by some authors [31] and
[3]. Cordial operators are also utilized in the context of Volterra integro-differential equations
(VIDEs), for instance, in study by Jiang [17]. Song et al. [33] considered a spacial type of the
equation (1) with α = 0, λ = 1 (noncompact operators) in the nonlinear form

τy(τ) = τh(τ) +

∫︂ τ

0

K(τ, z)W0(y(z))dz +

∫︂ qτ

0

KD(τ, z)W1(y(z))dz, τ ∈ I, (3)

where W0, W1 ∈ C1(R) satisfy the Lipschitz condition. The analysis involved the application
of iterated collocation methods to (3), accompanied by a discussion of the associated operator
properties and the existence, uniqueness, and regularity of the exact solution. The research in [33]
proves that, on a specially constructed graded mesh, the collocation solution not only exists and
is unique but also achieves a global order of superconvergence Also, in [32], Song et al. studied
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piecewise collocation scheme for the linear form of the equation (3) with
W0(y(z)) =W1(y(z)) = y(z):

τy(τ) = τh(τ) +

∫︂ τ

0

K(τ, z)y(z)dz +

∫︂ qτ

0

KD(τ, z)y(z)dz, τ ∈ I.

The existence of a unique solution to the collocation equations has been established, but only for
two specially designed meshes: the modified graded mesh and the inverted graded mesh.

Aourir et al. [5] developed a solver for linear and nonlinear third-kind Volterra delay inte-
gral equations (3) using a moving least squares approximation enhanced by shifted Chebyshev
polynomials. The independence of the suggestedmethodology from both amesh and the domain
geometry qualifies it as ameshlessmethod. The solution is approximated via a collocationmethod
grounded in moving least squares. The work describes the technique’s formulation for the given
equations and examines its convergence.

A wide range of scientific phenomena in biology, ecology, physics, and chemistry are modeled
using Volterra integral equations. These models, which often incorporate functional terms and
vanishing or non-vanishing delays, offer a robust mathematical framework for analyzing complex
underlying processes. Such mathematical modeling classes are applicable to numerous areas,
such as fluid dynamics, viscoelasticity of materials, population growth dynamics, heat conduc-
tion, epidemiology, controlled liquidation in obsolete production units, and renovation in eco-
nomic systems, see [9]- [37], and references therein.

Exploiting non-uniformmeshes is a seemingly viable strategy to attain higher-order supercon-
vergence, most specifically in second-kind VIEs with vanishing delay. Ming et al. [22] pursued
this goal by using quasi-geometric meshes to achieve superconvergence rates for the pantograph-
type second-kind VIEs under investigation. The studies in [23, 18] and [21]-[30] explore high-rate
numerical strategies developed for first and second-type VIEs featuring vanishing delays. The
authors demonstrated the uniqueness, existence, and regularity of the analytical and numerical
solutions. They also performed a convergence analysis based on novel compact operator theory.
Multistep collocation techniques have proven highly efficient and effective for solving various de-
lay equations. Studies cited in [10, 38] offer detailed evidence for their application to functional,
Volterra, and Volterra integro-differential equations (FIEs, VIEs, VIFEs, VIDEs). These meth-
ods are particularly advantageous, combining straightforward implementation with high-order
convergence and low computational complexity. A key early application of multistep collocation
methods to second-kind VIEs was presented by Conte et al. [12].

Also, this revision integrates several key recent studies. Research on spectral and numerical
methods for partial differential and integro-differential equations includes the work of Sabawi et
al. [26] and [29], who analyzed the H1 stability and convergence of Legendre spectral methods
for non-local weakly singular problems. Related numerical analyses have been conducted by Ku-
mar et al. [20] on uniformly convergent methods for singularly perturbed systems, and by Das
et al. [34] and [15] on perturbation-based approaches for fractional Volterra–Fredholm integro-
differential equations. In [25], authors present a spectral method based on fractional order Jacobi
functions and their new constructed operationalmatrix of fractional integration for solving nonlin-
ear weakly singular Volterra integral equations which include Abel equations. In [1], the Galerkin
and the Petrov-Galerkin methods have been used to solve the nonlinear integral equation of the
Urysohn type.

A significant body of recent work focuses on singular perturbation and layer-adapted tech-
niques. This includes studies on systemswith non-smooth data on graph networks [28], nonlinear
systems with multiple layers [13], and parabolic problems with Robin conditions and time delay
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[27]. Further contributions in this area feature convergence analyses on adaptive meshes for de-
lay differential equations [34] and gradedmesh refinement algorithms for time-delayed parabolic
PDEs [19]. Investigations into systems of reaction–diffusion equations, particularly for Robin-type
boundary value problems, are presented in [14] and [16].

In the domain of fractional calculus and applied models, recent investigations have explored
Liouville-Caputo fractional-order Pennes bioheat flow equations solved via orthogonal polynomi-
als [29] and [24]. Other studies examine fractional-order turbulent flowmodels with p-Laplacian
operators [13] and semigroup-based frameworks for the optimal control of stochastic integro-
differential equations [4] and [13].

2 Methodology

The corresponding collocation equation for equation (1) is given by

xβuh(x) = f(x) + (Kαuh)(x) + (Kα,quh)(x), x ∈ ∆h, (4)

and
∆h := {xn,j = xn + cjhn :≤ 1, 0 ≤ n ≤ N − 1},

where ∆h the modified graded mesh that ensures the solvability of (4), given by

x0 = 0, x1 = T
N ,

xn = (X − x1)(
n−1
N−1 )

ς + x1, ς > 1, n = 1, 2, ..., N,
(5)

and {ci}mi=1 are collocation parameters, {xn,j} are collocation points and hn = xn+1 −xn are step-
size.

The approximation uh on each subinterval [xn, xn+1] is a polynomial of degree m + r − 1,
expressible as

uh(xn + shn) =

r−1∑︂
k=0

φk(s)yn−k +

m∑︂
j=1

ψj(s)Un,j , s ∈ [0, 1], n = r, r + 1, ..., N − 1, (6)

where Un,j = uh(xn,j) = uh(xn + cjhn), and

φk(s) =

r−1∏︂
i=0
i̸=k

s+ i

−k + i
·

m∏︂
i=1

s− ci
−k − ci

, (7)

ψj(s) =

r−1∏︂
i=0

s+ i

cj + i
·

m∏︂
i=1
i̸=j

s− ci
cj − ci

. (8)

For more detail see [11].

According to [8], delay terms introduce the main difficulty in the numerical analysis of VDIEs,
presenting greater challenges than those encountered inVIEswithout delays. The central objective
is to locate the point qxn,i. We assume it resides within a specific subinterval [xqn,i

, xqn,i
+1]. This

allows us to formulate its position as:

qxn,i = xqn,i + cn,ihqn,i ,
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where qn,i ≤ n is an integer and the local coordinate is cn,i =
qxn,i−xqn,i

hqn,i
satisfies 0 ≤ cn,i ≤ 1).

Consequently, the position of qxn,i can be categorized as follows:

I. Given the condition qxn,1 > xn, the point is located in the current interval, hence qn,1 = n
for i = 1, 2, . . . ,m.

II. The inequality qxn,1 ≤ xn < qxn,m, implies the existence of an index i1 ∈ {1, . . . ,m − 1}
which partitions the collocation points. Points up to i1 lie in the previous interval (qn,i1 =
n− 1, i ≤ i1) while subsequent points lie in the current one ( qn,i1+1 = n, i > i1).

III. The condition qxn,m ≤ xn, indicates that all collocation points qxn,i lie in the historical in-
tervals prior to [xn−1, xn]. This means there exists positive integers n1 < n − 1 and i1 < m
such that qn,i1 = n1, i = 1, 2, ..., i1 and qn,i1+1 = n1 + 1, i = i1 + 1, ...,m.

We now derive the discrete collocation equations for each of the three phases.

2.1 Volterra operator (Kαuh)(xn,i) and (Kα,quh)(xn,i)

In the linear operators (Kαuh)(xn,i) and (Kα,quh)(xn,i), after some computations, we obtain

(Kαuh)(xn,i) =

∫︂ xn,i

0

(xn,i − s)−αK(xn,i, s)uh(s)ds,

=

r−1∑︂
l=0

hl

∫︂ 1

0

(xn,i − tl − shl)
−αK(xn,i, xl + shl)uh(xl + shl)ds

+

n−1∑︂
l=r

hl

∫︂ 1

0

(xn,i − xl − shl)
−αK(xn,i, xl + shl)uh(xl + shl)ds

+ hn

∫︂ ci

0

(xn,i − xn − shn)
−αK(xn,i, xn + shn)uh(xn + shn)ds.

This equation, by using the equation (6) and after some computations, reduced to the follow-
ing form

(Kαuh)(xn,i) =

r−1∑︂
l=0

hl

∫︂ 1

0

(xn,i − xl − shl)
−αK(xn,i, xl + shl)uh(xl + shl)ds

+

n−1∑︂
l=r

h1−α
l

r−1∑︂
k=0

∫︂ 1

0

(
xn − xl
hl

+ ciωn−1,l − s)−αK(xn,i, xl + shl)φk(s)dsul−k

+

n−1∑︂
l=r

h1−α
l

m∑︂
j=1

∫︂ 1

0

(
xn − xl
hl

+ ciωn−1,l − s)−αK(xn,i, xl + shl)ψj(s)dsUl,j

+ h1−α
n

r−1∑︂
k=0

∫︂ ci

0

(ci − s)−αK(xn,i, xn + shn)φk(s)dsun−k

+ h1−α
n

m∑︂
j=1

∫︂ ci

0

(ci − s)−αK(xn,i, xn + shn)ψj(s)dsUn,j ,
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where

ωn,l =

n∏︂
k=l

ωk, ωn =
hn+1

hn
.

2.2 Volterra delays operator (Kα,quh)(xn,i)

2.2.1 phase I

Also, for phase I, linear delays operator (Kα,qwn)(xn,i), has the form

(K(I)
α,quh)(xn,i) =

∫︂ qxn,i

0

(xn,i − s)−αKD(xn,i, s)uh(s)ds,

=

r−1∑︂
l=0

hl

∫︂ 1

0

(xn,i − xl − shl)
−αKD(xn,i, xl + shl)uh(xl + shl)ds

+

n−1∑︂
l=r

hl

∫︂ 1

0

(xn,i − xl − shl)
−αKD(xn,i, tl + shl)uh(xl + shl)ds

+ hn

∫︂ cn,i

0

(xn,i − xn − shn)
−αKD(xn,i, xn + shn)uh(xn + shn)ds.

Substituting (6) in this equation, we have

(K(I)
α,quh)(xn,i) =

r−1∑︂
l=0

hl

∫︂ 1

0

(xn,i − xl − shl)
−αKD(xn,i, xl + shl)uh(xl + shl)ds

+

n−1∑︂
l=r

r−1∑︂
k=0

h1−α
l

∫︂ 1

0

(
xn − xl
hl

+ ciωn−1,l − s)−αKD(xn,i, xl + shl)φk(s)yl−kds

+

n−1∑︂
l=r

m∑︂
j=1

h1−α
l

∫︂ 1

0

(
xn − xl
hl

+ ciωn−1,l − s)−αKD(xn,i, xl + shl)ψj(s)Ul,jds

+ h1−α
n

r−1∑︂
k=0

∫︂ cn,i

0

(ci − s)−αKD(xn,i, xn + shn)φk(s)yn−kds

+ h1−α
n

m∑︂
j=1

∫︂ cn,i

0

(ci − s)−αKD(xn,i, xn + shn)ψj(s)Un,jds.
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2.3 Phase II (Kα,quh)(xn,i)

2.3.1 Phase II-A

In Phase Phase II-A, let i1 < m be the index such that qn,i1 = n − 1 for i ≤ i1. For these indices, the
collocation equation at xn,i is given by

(K(II−A)
α,q uh)(xn,i) =

∫︂ qxn,i

0

(xn,i − s)−αKD(xn,i, s)uh(s)ds

=

r−1∑︂
l=0

hl

∫︂ 1

0

(xn,i − xl − shl)
−αKD(xn,i, xl + shl)uh(xl + shl)ds

+

n−2∑︂
l=r

hl

∫︂ 1

0

(xn,i − xl − shl)
−αKD(xn,i, xl + shl)uh(xl + shl)ds

+ hn−1

∫︂ cn,i

0

(xn,i − xn−1 − shn−1)
−αKD(xn,i, xn−1 + shn−1)uh(xn−1 + shn−1)ds.

Now, by substituting (6) in this equation, we get

(K(II−A)
α,q uh)(xn,i) =

r−1∑︂
l=0

hl

∫︂ 1

0

(xn,i − xl − shl)
−αKD(xn,i, xl + shl)uh(xl + shl)ds

+

n−2∑︂
l=r

r−1∑︂
k=0

h1−α
l

∫︂ 1

0

(
xn − xl
hl

+ ciωn−1,l − s)−αKD(xn,i, xl + shl)φk(s)dsyl−k

+

n−2∑︂
l=r

m∑︂
j=1

h1−α
l

∫︂ 1

0

(
xn − xl
hl

+ ciωn−1,l − s)−αKD(xn,i, xl + shl)ψj(s)dsUl,j

+ h1−α
n−1

r−1∑︂
k=0

∫︂ cn,i

0

(1 + ciωn−1 − s)−αKD(xn,i, xn−1 + shn−1)φk(s)dsyn−k−1

+ h1−α
n−1

m∑︂
j=1

∫︂ cn,i

0

(1 + ciωn−1 − s)−αKD(xn,i, xn−1 + shn−1)ψj(s)dsUn−1,j .

2.3.2 Phase II-B

When i > i1, the equation at at xn,i becomes

(K(II−B)
α,q uh)(xn,i) =

∫︂ qxn,i

0

(xn,i − s)−αKD(xn,i, s)uh(s)ds

=

r−1∑︂
l=0

hl

∫︂ 1

0

(xn,i − xl − shl)
−αKD(xn,i, xl + shl)uh(xl + shl)ds

+

n−1∑︂
l=r

hl

∫︂ 1

0

(xn,i − xl − shl)
−αKD(xn,i, xl + shl)uh(xl + shl)ds

+ hn

∫︂ cn,i

0

(xn,i − xn − shn)
−αKD(xn,i, xn + shn)uh(xn + shn)ds.
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From equation (6) and this equation, we have

(K(II−B)
α,q uh)(tn,i) =

r−1∑︂
l=0

hl

∫︂ 1

0

(xn,i − xl − shl)
−αKD(xn,i, xl + shl)uh(xl + shl)ds

+

n−1∑︂
l=r

r−1∑︂
k=0

h1−α
l

∫︂ 1

0

(
xn − xl
hl

+ ciωn−1,l − s)−αKD(xn,i, xl + shl)φk(s)yl−kds

+

n−1∑︂
l=r

m∑︂
j=1

h1−α
l

∫︂ 1

0

(
xn − xl
hl

+ ciωn−1,l − s)−αKD(xn,i, xl + shl)ψj(s)Ul,jds

+ h1−α
n

r−1∑︂
k=0

∫︂ cn,i

0

(ci − s)−αKD(xn,i, xn + shn)φk(s)yn−kds

+ h1−α
n

m∑︂
j=1

∫︂ cn,i

0

(ci − s)−αKD(xn,i, xn + shn)ψj(s)Un,jds.

2.3.3 Phase III

For Phase III, we have

(K(III)
α,q uh)(xn,i) =

∫︂ qxn,i

0

(xn,i − s)−αKD(xn,i, s)uh(s)ds

=

r−1∑︂
l=0

hl

∫︂ 1

0

(xn,i − xl − shl)
−αKD(xn,i, xl + shl)uh(xl + shl)ds

+

n1−1∑︂
l=r

hl

∫︂ 1

0

(xn,i − xl − shl)
−αKD(xn,i, xl + shl)uh(xl + shl)ds

+ hn1

∫︂ cn,i

0

(xn,i − xn1 − shn1)
−αKD(xn,i, xn1 + shn1)uh(xn1 + shn1)ds.

By using the equation (6), we get

(K(III)
α,q uh)(xn,i) =

r−1∑︂
l=0

hl

∫︂ 1

0

(xn,i − xl − shl)
−αKD(xn,i, xl + shl)uh(xl + shl)ds

+

n1−1∑︂
l=r

r−1∑︂
k=0

h1−α
l

∫︂ 1

0

(
xn − tl
hl

+ ciωn−1,l − s)−αKD(xn,i, xl + shl)φk(s)dsyl−k

+

n1−1∑︂
l=r

m∑︂
j=0

h1−α
l

∫︂ 1

0

(
xn − xl
hl

+ ciωn−1,l − s)−αKD(xn,i, xl + shl)ψj(s)dsUl,j

+ h1−α
n1

r−1∑︂
k=0

∫︂ cn,i

0

(
xn − xn1

hn1

+ ciωn−1,n1 − s)−αKD(xn,i, xn1 + shn1)φk(s)dsyn1−k

+ h1−α
n1

m∑︂
j=0

∫︂ cn,i

0

(
xn − xn1

hn1

+ ciωn−1,n1 − s)−αKD(xn,i, xn1 + shn1)ψj(s)dsUn1,j .

Note that, in the general form we obtain
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(Kαuh)(xn,i) =
r−1∑︂
l=0

hl

∫︂ 1

0

(xn,i − xl − shl)
−αK(xn,i, xl + shl)uh(xl + shl)ds

+

n−1∑︂
l=r

h1−α
l

r−1∑︂
k=0

∫︂ 1

0

(
xn,i − xl

hl
− s)−αK(xn,i, xl + shl)φk(s)dsul−k

+

n−1∑︂
l=r

h1−α
l

m∑︂
j=1

∫︂ 1

0

(
xn,i − xl

hl
− s)−αK(xn,i, xl + shl)ψj(s)dsUl,j

+ h1−α
n

r−1∑︂
k=0

∫︂ ci

0

(
xn,i − xn

hn
− s)−αK(xn,i, xn + shn)φk(s)dsun−k

+ h1−α
n

m∑︂
j=1

∫︂ ci

0

(
xn,i − xn

hn
− s)−αK(xn,i, xn + shn)ψj(s)dsUn,j ,

(9)
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and
(Kα,quh)(xn,i) =⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

r−1∑︂
l=0

hl

∫︂ 1

0
(xn,i − xl − shl)

−αKD(xn,i, xl + shl)uh(xl + shl)ds

+

n−1∑︂
l=r

h1−αl

r−1∑︂
k=0

∫︂ 1

0
(
xn,i − xl

hl
− s)−αKD(xn,i, xl + shl)φk(s)yl−kds

+

n−1∑︂
l=r

h1−αl

m∑︂
j=1

∫︂ 1

0
(
xn,i − xl

hl
− s)−αKD(xn,i, xl + shl)ψj(s)Ul,jds

+h1−αn

r−1∑︂
k=0

∫︂ cn,i

0
(
xn,i − xn

hn
− s)−αKD(xn,i, xn + shn)φk(s)yn−kds

+h1−αn

m∑︂
j=1

∫︂ cn,i

0
(
xn,i − xn

hn
− s)−αKD(xn,i, xn + shn)ψj(s)Un,jds, Phase I ,

r−1∑︂
l=0

hl

∫︂ 1

0
(xn,i − xl − shl)

−αKD(xn,i, xl + shl)uh(xl + shl)ds

+

n−2∑︂
l=r

h1−αl

r−1∑︂
k=0

∫︂ 1

0
(
xn,i − xl

hl
− s)−αKD(xn,i, xl + shl)φk(s)dsyl−k

+

n−2∑︂
l=r

h1−αl

m∑︂
j=1

∫︂ 1

0
(
xn,i − xl

hl
− s)−αKD(xn,i, xl + shl)ψj(s)dsUl,j

+h1−αn−1

r−1∑︂
k=0

∫︂ cn,i

0
(
xn,i − xn−1

hn
− s)−αKD(xn,i, xn−1 + shn−1)φk(s)dsyn−k−1

+h1−αn−1

m∑︂
j=1

∫︂ cn,i

0
(
xn,i − xn−1

hn
− s)−αKD(xn,i, xn−1 + shn−1)ψj(s)dsUn−1,j ,

Phase II-A,

r−1∑︂
l=0

hl

∫︂ 1

0
(xn,i − xl − shl)

−αKD(xn,i, xl + shl)uh(xl + shl)ds

+

n−1∑︂
l=r

h1−αl

r−1∑︂
k=0

∫︂ 1

0
(
xn,i − xl

hl
− s)−αKD(xn,i, xl + shl)φk(s)yl−k

+

n−1∑︂
l=r

h1−αl

m∑︂
j=1

∫︂ 1

0
(
xn,i − xl

hl
− s)−αKD(xn,i, xl + shl)ψj(s)Ul,jds

+h1−αn

r−1∑︂
k=0

∫︂ cn,i

0
(
xn,i − xn

hl
− s)−αKD(xn,i, xn + shn)φk(s)yn−kds

+h1−αn

m∑︂
j=1

∫︂ cn,i

0
(
xn,i − xn

hl
− s)−αKD(xn,i, xn + shn)ψj(s)Un,jds, Phase II-B,

r−1∑︂
l=0

hl

∫︂ 1

0
(xn,i − xl − shl)

−αKD(xn,i, xl + shl)uh(xl + shl)ds

+

qn,i−1∑︂
l=r

h1−αl

r−1∑︂
k=0

∫︂ 1

0
(
xn,i − xl

hl
− s)−αKD(xn,i, xl + shl)φk(s)dsyl−k

+

qn,i−1∑︂
l=r

h1−αl

m∑︂
j=0

∫︂ 1

0
(
xn,i − xl

hl
− s)−αKD(xn,i, xl + shl)ψj(s)dsUl,j

+h1−αqn,i

r−1∑︂
k=0

∫︂ cn,i

0
(
xn,i − xqn,i

hqn,i

− s)−αKD(xn,i, xqn,i + shqn,i )φk(s)dsyqn,i−k

+h1−αqn,i

m∑︂
j=0

∫︂ cn,i

0
(
xn,i − xqn,i

hqn,i

− s)−αKD(xn,i, xqn,i + shqn,i )ψj(s)dsUqn,i,j , Phase III.

(10)
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Now, with the definition of vectors and matrices

CCCl =

⎡⎢⎢⎢⎢⎢⎣

∫︂ 1

0

(xn,1 − xl − shl)
−α
(︂
K(xn,1, xl + shl) + KD(xn,1, xl + shl)

)︂
uh(xl + shl)ds

...∫︂ 1

0

(xn,m − xl − shl)
−α
(︂
K(xn,m, xl + shl) + KD(xn,m, xl + shl)

)︂
uh(xl + shl)ds

⎤⎥⎥⎥⎥⎥⎦ ,

An = diag
(︃
xn,1, xn,2, . . . , xn,m

)︃
, Bn =

(︃
f(xn,1), f(xn,2), . . . , f(xn,m)

)︃T

,

Un =

(︃
uh(xn,1), uh(xn,2), . . . , uh(xn,m)

)︃T

=

(︃
Un,1, Un,2, . . . , Un,m

)︃T

,(︄
Wκ,w

α,λ

)︄
i,r

=

(︃∫︂ κ

0

(
xn,i − xλ

hλ

− s)
−α

K(xn,i, xλ + ρhλ)wr(ρ)dρ

)︃
,

(︄
Wκ,w

D,α,λ

)︄
i,r

=

(︃∫︂ κ

0

(
xn,i − xλ

hλ

− s)
−α

KD(xn,i, xλ + ρhλ)wr(ρ)dρ

)︃
,

Yl =

(︃
yl, yl−1, , . . . , yl−r+1

)︃T

.

Then, from equations (2.3.3) and (10), we get⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(︄
III − h1−αn A−β

n

(︄
Wci,ψ
α,n +Wcn,i,ψ

D,α,n

)︄)︄
UUUn = A−β

n Bn +

r−1∑︂
l=0

hlA
−β
n CCCl

+

n−1∑︂
l=r

h1−αl A−β
n

(︄
W1,φ
α,l +W1,φ

D,α,l

)︄
YYY l +

n−1∑︂
l=r

h1−αl A−β
n

(︄
W1,ψ
α,l +W1,ψ

D,α,l

)︄
UUU l

+h1−αn A−β
n

(︄
Wci,φ
α,n +Wcn,i,φ

D,α,n

)︄
YYY n, Phase I,

(︄
III − h1−αn A−β

n Wci,ψ
α,n

)︄
UUUn = A−β

n Bn +

r−1∑︂
l=0

hlA
−β
n CCCl

+

n−2∑︂
l=r

h1−αl A−β
n

(︄
W1,φ
α,l +W1,φ

D,α,l

)︄
YYY l +

n−2∑︂
l=r

h1−αl A−β
n

(︄
W1,ψ
α,l +W1,ψ

D,α,l

)︄
UUU l

+h1−αn A−β
n

(︄
Wci,φ
α,n

)︄
YYY n + h1−αn−1A

−β
n

(︄
Wcn,i,φ

D,α,n−1 +W1,φ
α,n−1

)︄
YYY n−1

+h1−αn−1A
−β
n

(︄
Wcn,i,ψ

D,α,n−1 +W1,ψ
α,n−1

)︄
UUUn−1, i = 1, 2, ..., vn, Phase II-A,

(︄
III − h1−αn A−β

n

(︄
Wci,ψ
α,n +Wcn,i,ψ

D,α,n

)︄)︄
UUUn = A−β

n Bn +

r−1∑︂
l=0

hlA
−β
n CCCl

+

n−1∑︂
l=r

h1−αl A−β
n

(︄
W1,φ
α,l +W1,φ

D,α,l

)︄
YYY l +

n−1∑︂
l=r

h1−αl A−β
n

(︄
W1,ψ
α,l +W1,ψ

D,α,l

)︄
UUU l

+h1−αn A−β
n

(︄
Wci,φ
α,n +Wcn,i,φ

D,α,n

)︄
YYY n, i = vn + 1, ..., vm, Phase II-B,

(︄
III − h1−αn A−β

n Wci,ψ
α,n

)︄
UUUn = A−β

n Bn +

r−1∑︂
l=0

hlA
−β
n CCCl

n−1∑︂
l=r

h1−αl A−β
n W1,φ

α,l YYY l

+

n−1∑︂
l=r

h1−αl A−β
n W1,ψ

α,l UUU l + h1−αn A−β
n Wci,φ

α,n YYY n +

qn,i−1∑︂
l=r

h1−αl A−β
n W1,φ

D,α,lYYY l

+

qn,i−1∑︂
l=r

h1−αl A−β
n W1,ψ

D,α,lUUU l + h1−αqn,i
A−β
n Wcn,i,φ

D,α,qn,i
YYY qn,i

+h1−αqn,i
A−β
n Wcn,i,ψ

D,α,qn,i
UUUqn,i , Phase III,

yn+1 =

r−1∑︂
k=0

φk(1)yn−k +

m∑︂
j=1

ψj(1)Un,j .

(11)
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The general form of equations (11) in triple paths are equivalent to the following equations⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(︄
III − h1−αn A−β

n

(︄
Wci,ψ
α,n +Wcn,i,ψ

D,α,n

)︄)︄
UUUn

= A−β
n Bn +

r−1∑︂
l=0

hlA
−β
n CCCl +

n−1∑︂
l=r

h1−αl A−β
n

(︄
W1,φ
α,l +W1,φ

D,α,l

)︄
YYY l

+

n−1∑︂
l=r

h1−αl A−β
n

(︄
W1,ψ
α,l +W1,ψ

D,α,l

)︄
UUU l + h1−αn A−β

n

(︄
Wci,φ
α,n +Wcn,i,φ

D,α,n

)︄
YYY n, Phase I,

(︄
III − h1−αn A−β

n

(︂
Wci,ψ
α,n + S0W

cn,i,ψ

D,α,n

)︂)︄
UUUn

= A−β
n Bn +

r−1∑︂
l=0

hlA
−β
n CCCl +

n−2∑︂
l=r

h1−αl A−β
n

(︂
W1,φ
α,l +W1,φ

D,α,l

)︂
YYY l

+

n−2∑︂
l=r

h1−αl A−β
n

(︂
W1,ψ
α,l +W1,ψ

D,α,l

)︂
UUU l + h1−αn A−β

n

(︂
Wci,φ
α,n + S0W

cn,i,φ

D,α,n

)︂
YYY n

+h1−αn−1A
−β
n

(︂
W1,φ
α,n−1 + S0W1,φ

D,α,n−1 + S1W
cn,i,φ

D,α,n−1

)︂
YYY n−1

+h1−αn−1A
−β
n

(︂
W1,ψ
α,n−1 + S0W1,ψ

D,α,n−1 + S1W
cn,i,ψ

D,α,n−1

)︂
UUUn−1, Phase II

(︄
III − h1−αn A−β

n Wci,ψ
α,n

)︄
UUUn

= A−β
n Bn +

r−1∑︂
l=0

hlA
−β
n CCCl +

n−1∑︂
l=r

h1−αl A−β
n W1,φ

α,l YYY l +

n−1∑︂
l=r

h1−αl A−β
n W1,ψ

α,l UUU l

+h1−αn A−β
n Wci,φ

α,n YYY n +

qn−1∑︂
l=r

h1−αl A−β
n W1,φ

D,α,lYYY l +

qn−1∑︂
l=r

h1−αl A−β
n W1,ψ

D,α,lUUU l

+h1−αqn A−β
n

(︂
S0W1,φ

D,α,qn
+ S1W

cn,i,φ

D,α,qn

)︂
YYY qn

+h1−αqn A−β
n

(︂
S0W1,ψ

D,α,qn
+ S1W

cn,i,ψ

D,α,qn

)︂
UUUqn

+h1−αqn+1A
−β
n S0W

cn,i,φ

D,α,qn+1YYY qn+1 + h1−αqn+1A
−β
n S0W

cn,i,ψ

D,α,qn+1UUUqn+1, Phase III,

YYY n+1 = ΦYYY n +ΨUUUn,

(12)

where

Φ =

[︃
000r−1,1 Ir−1

φr−1(1) φr−2(1), · · · , φ0(1),

]︃
, Ψ =

⎡⎣ 000r−1,m

ψ1(1) · · · ψm(1)

⎤⎦ ,
S0 = diag( 0, . . . , 0⏞ ⏟⏟ ⏞

up to the vnth

, 1, . . . , 1), S1 = diag( 1, . . . , 1⏞ ⏟⏟ ⏞
up to the vnth

, 0, . . . , 0).

Now, our main goal is to analyze the solvability and uniqueness of the solution of system (12) in triple paths. For this
purpose, we define the coefficient matrices of system (12) in the triple paths as follows

Bn(q) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

B(I)
n (q) =

(︄
III − h1−αn A−β

n

(︄
Wci,ψ
α,n +Wcn,i,ψ

D,α,n

)︄)︄
, Phase I,

B(II)
n (q) =

(︄
III − h1−αn A−β

n

(︂
Wci,ψ
α,n + S0W

cn,i,ψ

D,α,n

)︂)︄
, Phase II,

B(III)
n (q) =

(︄
III − h1−αn A−β

n Wci,ψ
α,n

)︄
, Phase III.
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Theorem 2.1. Provided the functions K and KD are continuous on their respective domains Ω and ΩD , and the sum α + β lies
strictly between 0 and 1, the following holds: For any given set of collocation parameters 0 < c1 < · · · < cm ≤ 1, one can find
positive constants h̃(η)n (for η = I, II, III) and h such that the matrices Bn(q) are invertible. This invertibility is guaranteed as
long as the step size h does not exceed the maximum of the values h(η)n , which in turn is bounded by the minimum of the h̃(η)n values.

Proof. For given collocation parameters {ci}mi=1, we obtain following phases:

A1. In phase I, we obtain

∥ Wci,ψ
α,n ∥∞ = max

i=1,...,m

m∑︂
j=1

|
∫︂ ci

0

(︂xn,i − xn

hn
− s
)︂−α

K(xn,i, xn + shn)ψj(s)ds|,

≤
1

1− α
∥ K ∥∞ Ψm(a)max

i
c1−αi ,

≤
c1−αm

1− α
∥ K ∥∞ Ψm(a),

where the value of the constant a depends on the chosen collocation parameters {ci}. Here, Ψm(a) denotes the
Lebesgue constant, which is defined as

Ψm(a) = max
s∈[0,cm]

m∑︂
j=1

|ψj(s)|.

Also

∥ Wcn,i,ψ

D,α,n ∥∞ = max
i=1,...,m

m∑︂
j=1

|
∫︂ cn,i

0

(︂xn,i − xn

hn
− s
)︂−γ

KD, (xn,i, xn + shn)ψj(s)ds|,

≤
1

1− α
∥ KD ∥∞ Φm(b)max

i
{(ci − cn,i)

1−α − c1−αi },

≤
(cm − cn,1)1−α − c1−α1

1− α
∥ KD ∥∞ Ψm(b),

where the value of the constant b depends on the chosen collocation parameters cn,i. Here, Φm(b) denotes the
Lebesgue constant, which is defined as

Φm(b) = max
s∈[0,cn,m]

m∑︂
j=1

|Ψj(s)|.

Now, let Φm(c∗) = max{Φm(a),Φm(b)}. Then we have

∥ h1−αn A−β
n

(︂
Wci,Ψ
α,n +Wcn,i,Ψ

D,α,n

)︂
∥∞

= max |h1−αn A−β
n

(︂
Wci,Ψ
α,n +Wcn,i,Ψ

D,α,n

)︂
|,

≤ |h1−αn | ∥ A−β
n ∥∞∥

(︂
Wci,Ψ
α,n +Wcn,i,Ψ

D,α,n

)︂
∥∞,

≤ h1−αn ∥ A−β
n ∥∞

(︄
∥ Wci,Ψ

α,n ∥∞ + ∥ Wcn,i,Ψ

D,α,n ∥∞

)︄
,

≤ h1−αn (c1hn)
−β

(︄
c1−αm

1− α
∥ K ∥∞ Ψm(a) +

(cm − cn,1)1−α − c1−α1

1− α
∥ KD ∥∞ Ψm(b)

)︄
,

≤ h1−α−βn (c1)
−β

(︄
c1−αm

1− α
∥ K ∥∞ +

(cm − cn,1)1−α − c1−α1

1− α
∥ KD ∥∞

)︄
Ψm(c∗).

On the other hands, a necessary and sufficient condition for the validity of the relationship

∥ h1−αn A−β
n

(︂
Wci,Ψ
α,n +Wcn,i,Ψ

D,α,n

)︂
∥∞≤ 1

2
,
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is to have

h1−α−βn c−β1

(︄
c1−α
m
1−α ∥ K ∥∞ +

(cm−cn,1)
1−α−c1−α

1
1−α ∥ KD ∥∞

)︄
Ψm(c∗) ≤ 1

2
,

⇐⇒
h1−α−βn ≤ 1

2c
−β
1

(︄
c
1−α
m
1−α

∥K∥∞+
(cm−cn,1)1−α−c

1−α
1

1−α
∥KD∥∞)

)︄
Ψm(c∗)

,

⇐⇒

hn ≤
[︄

1

2c
−β
1

(︄
c
1−α
m
1−α

∥K∥∞+
(cm−cn,1)1−α−c

1−α
1

1−α
∥KD∥∞

)︄
Ψm(c∗)

]︄ 1
1−α−β

,

⇐⇒

hn ≤
[︄
2c−β1

(︄
c1−α
m
1−α ∥ K ∥∞ +

(cm−cn,1)
1−α−c1−α

1
1−α ∥ KD ∥∞

)︄
Ψm(c∗)

]︄− 1
1−α−β

,

⇐⇒

hn ≤
[︄

2c
−β
1

1−α

(︄
c1−αm ∥ K ∥∞ +

(︃
(cm − cn,1)1−α − c1−α1

)︃
∥ KD ∥∞

)︄
Ψm(c∗)

]︄− 1
1−α−β

.

Since 0 < α+ β < 1, and c1 > 0, the constant

h̃
(I)
n =

[︄
2c−β1

1− α

(︄
c1−αm ∥ K ∥∞ +

(︃
(cm − cn,1)

1−α − c1−α1

)︃
∥ KD ∥∞

)︄
Ψm(c∗)

]︄− 1
1−α−β

,

is well-defined. Moreover, the matrix An is invertible and its norm is bounded by ∥A−β
n ∥∞ ≤ (c1hn)−β . Given

the assumption ν + γ < 1, if the step size satisfies hn ≤ h̃(I), then

∥ h1−αn A−β
n

(︂
Wci,Ψ
α,n +Wcn,i,Ψ

D,α,n

)︂
∥∞≤ 1

2
.

A2. In phase II, we have
∥ S0 ∥∞= 1,

and

∥ S0W
cn,i,ψ

D,α,n ∥∞≤ ∥ S0 ∥∞∥ Wcn,i,ψ

D,α,n ∥∞

≤
(cm − cn,1)1−α − c1−α1

1− α
∥ KD ∥∞ Ψm(b) ,

≤
(cm − cn,1)1−α − c1−α1

1− α
∥ KD ∥∞ Ψm(c∗).

Given that α + β ∈ (0, 1) and c1 > 0, we can define the constant h̃(II)n = h̃(I). This definition, together with the
condition α+ β < 1, implies that for any step size hn ≤ h̃(II),

∥ h1−αn A−β
n

(︂
Wci,ψ
α,n + S0W

cn,i,ψ

D,α,n

)︂
∥∞≤

1

2
.

A3. In phase III, in the same manner, we have

∥ h1−αn A−β
n Wci,ψ

α,n ∥∞=|h1−αn | ∥ A−β
n ∥∞∥ Wci,ψ

α,n ∥∞,

≤h1−αn (c1hn)
−β c

1−α
m

1− α
∥ K ∥∞ Ψm(a),

≤h1−α−βn c−β1

c1−αm

1− α
∥ K ∥∞ Ψm(c∗).

On the other hands, a necessary and sufficient condition for the validity of the relationship

∥ h1−αn A−β
n Wci,ψ

α,n ∥∞≤ 1
2
,
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is to have
h1−α−βn c−β1

c1−α
m
1−α ∥ K ∥∞ Ψm(c∗) ≤ 1

2

⇐⇒ h1−α−βn ≤ 1

2c
−β
1

c
1−α
m
1−α

∥K∥∞Ψm(c∗)

⇐⇒ hn ≤
[︄

1

2c
−β
1

c
1−α
m
1−α

∥K∥∞Ψm(c∗)

]︄ 1
1−α−β

⇐⇒ hn ≤
[︄

2c
−β
1 c1−α

m
1−α ∥ K ∥∞ Ψm(c∗)

]︄− 1
1−α−β

Now, we set

h̃
(III)
n =

[︄
2c−β1 c1−αm

1− α
∥ K ∥∞ Ψm(c∗)

]︄− 1
1−α−β

. (13)

Then we get
∥ h1−αn A−β

n Wci,ψ
α,n ∥∞≤ 1

2
,

where

hn ≤ h̃
(III)
n =

(︄
2c−β1 c1−αm

1− α
∥ K ∥∞ Ψm(c∗)

)︄− 1
1−α−β

.

Now, acording the cases A1-A3, Bn(q) for n = 0, 1, . . . , N − 1, are invertible. Therefore, the system of equations (12) has
a unique solution and the proof is complete.

Algorithm
1. Input the values: X ,N , r, q,m, ς , and ci for every i from 1 tom
2. Provide y1, . . . , yr and uh(xl + shl), l = 0, . . . , r − 1 as the starting values.
3. Using Equation (7), (8) calculate the values for φk(s) and ψj(s).
4. For i = 1, · · · ,m, put q0,i = 0, and c0,i =

qx0,i−xq0,i
hq0,i

.
5. For n = 1, . . . , N − 1,
For i = 1, . . . ,m,
For k = 1, . . . , n,
If xk−1 ≤ qxn,i < xk , then qn,i = k − 1,
If qxn,i ≥ xk , then qn,i = n,

Compute cn,i =
qxn,i−xqn,i

hqn,i
.

5. For r ≤ n ≤ N − 1, solve the system of equations given by (11).
6. For the solution obtained in the previous step, take the values Un,j (for all j = 1, . . . ,m) and insert them into Equation
(6).
7. For r ≤ n ≤ N − 1, calculate the value uh(xn + shn) using the results from the previous steps.

3 Convergence

Volterra integral equations with weakly singular kernels (of algebraic or logarithmic type) typically have solutions
whose derivatives are unbounded at the left endpoint of the interval of integration.Note that the regularity of the unique
solution for the third-kind Volterra integral equations in the following form is different and is closely connected with
cordial VIEs

xλy(x) = f(x) + (Kαy)(x), x ∈ I = [0, X], (14)
where

(Kαy)(x) =
∫︂ x

0
(x− s)−αK(x, s)y(s)ds,

and α ∈ [0, 1), λ > 0, f(x) = xλh(x)with h ∈ C(I). Also,K(x, s) ∈ C(Γ) and for α+ λ ≥ 1, have the form

K(x, s) = sα+λ−1K̂(x, s),

where K̂(x, s) ∈ C(Γ). From [2], the following Theorem shows the regularity of the solution y(x) for VIE (14).
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Theorem 3.1. (See [2]) Let 0 < α + λ ≤ 1, and assume that h ∈ Cp(I) and K ∈ Cp(Γ). Then the unique solution of the
third-kind Volterra integral equations (14) is in Cp(I). Also, for α+ λ > 1, if h ∈ Cp(I) and K̂ ∈ Cp(Γ), then y ∈ Cp(I).

Here, we consider third-kind Volterra integral equations with vanishing delays. As you know delay differential equa-
tions and Volterra functional equations with smooth data and proportional delays that vanish at the left endpoint of their
interval of integration I = [0, X] possess smooth solutions on I [7]. Like as (14), the functional equations considered in
this paper, have the common feature that smooth data led to smooth solutions.

We now analyze the convergence of the multi-step collocation method for equation (1). To this end, we require the
following lemma:

Lemma 3.1. [8] Let the linear 3-KVIEs

xβy(x) =f(x) +

∫︂ x

0
(x− s)−αK(x, s)y(s)ds+

∫︂ qx

0
(x− s)−αKD(x, s)y(s)ds, x ∈ I, (15)

possesses an exact solution y(x). This solution y(x) obeys the following relation for any choice of collocation parameters
0 < c1 < · · · < cm ≤ 1:

y(xn + shn) =

r−1∑︂
k=0

φk(s)y(xn−k) +
m∑︂
j=1

ψj(s)y(xn,j) + hm+r
n Rm,r,n(s),

where

Rm,r,n(s) =

∫︂ 1

−r+1
Km,r(s, τ)y

(m+r)(xn + τhn)dτ,

Km,r(s, τ) =
1

(m+ r − 1)!

(︄
(s− τ)m+r−1

+ −
r−1∑︂
k=0

φk(s)(−k − τ)m+r−1
+

−
m∑︂
j=1

ψj(s)(cj − τ)2m+r−1
+

)︄
,

(s− τ)+ =

⎧⎨⎩ s− τ, s− τ ≥ 0,

0, s− τ < 0.

The error equation is obtained by subtracting (4) from (15):

xβE(x) =
∫︂ x

0
(x− s)−αK(x, s)E(s)ds+

∫︂ qx

0
(x− s)−αKD(x, s)E(s)ds, x ∈ I, (16)

where the exact solution E(t) = y(x)− uh(t), satisfies in

E(xn + shn) =

r−1∑︂
k=0

φk(s)En−k +
m∑︂
j=1

ψj(s)En,j + hm+r
n Rm,r,n(s), (17)

with En−k = E(xn−k), En,j = E(xn,j).

Theorem 3.2. Assume that

A. The given functions in 3-KVIEs (15) satisfyK ∈ Cp(Ω) and f ∈ Cp(I), with p = m+ r.
B. The error of the exact multistep collocation method is defined as E(t).
C. The starting error satisfies

E(tl + shl) = hpl ql(s), l = 0, 1, . . . , r − 1, ||ql(s)||∞ ≤ Cl, (18)

where Cl is a constant.
D. ρ(Φ) < 1, where ρ(Φ), the spectral radius of the matrix Φ.

Note that, this condition, validates the convergence of successive approximations in the iterative scheme, and ensures the con-
traction property needed for the existence and uniqueness of solutions.
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Then
∥ E ∥∞= O(hp−α),

where h = max
0≤l≤N−1

hl.

Proof. In the same manner in section 2.1, for linear operators (KαEn)(xn,i), by substituting the equations (3) and (18) in
equation (3) and after some computations, we obtain

(KαE)(xn,i) =
r−1∑︂
l=0

hp−αl

∫︂ 1

0
(
xn,i − xl

hl
− s)−αK(xn,i, xl + shl)ql(s)ds

+

n−1∑︂
l=r

h1−αl

r−1∑︂
k=0

∫︂ 1

0
(
xn,i − xl

hl
− s)−αK(xn,i, xl + shl)φk(s)dsEl−k

+

n−1∑︂
l=r

h1−αl

m∑︂
j=1

∫︂ 1

0
(
xn,i − xl

hl
− s)−αK(xn,i, xl + shl)ψj(s)dsEl,j

+

n−1∑︂
l=r

hp−αl

∫︂ 1

0
(
xn,i − xl

hl
− s)−αK(xn,i, xl + shl)Rm,r,l(s)ds

+ h1−αn

r−1∑︂
k=0

∫︂ ci

0
(
xn,i − xn

hn
− s)−αK(xn,i, xn + shn)φk(s)dsEn−k

+ h1−αn

m∑︂
j=1

∫︂ ci

0
(
xn,i − tn

hn
− s)−αK(xn,i, xn + shn)ψj(s)dsEn,j

+ hp−αn

∫︂ ci

0
(
xn,i − xn

hn
− s)−αK(xn,i, xn + shn)Rm,r,n(s)ds.

On the other hands, by using the matrix notations we have

(KαE)(xn,i) =
r−1∑︂
l=0

hp−αl W1,ql
α,l +

n−1∑︂
l=r

h1−αl W1,φ
α,l E1,l +

n−1∑︂
l=r

h1−αl V1,ψ,s
α,n−1,lE2,l

+

n−1∑︂
l=r

hp−αl W1,Rm,r,l

α,l + h1−αn Wci,φ
α,n E1,n + h1−αn Wci,ψ

α,n E2,n

+ hp−αn Wci,Rm,r,n
α,n .

(19)

To calculate the delay operator (Kα,qEn)(xn,i), we will consider the following triple paths:

3.1 Phase I

For phase I, the linear delays operator (Kα,qE)(xn,i), has the form

(K(I)
α,qE)(xn,i) =

r−1∑︂
l=0

hp−αl W1,ql
α,l +

n−1∑︂
l=r

h1−αl W1,φ
α,l E1,l +

n−1∑︂
l=r

h1−αl W1,ψ
α,l E2,l

+

n−1∑︂
l=r

hp−αl W1,Rm,r,l

α,l + h1−αn Wci,φ
α,n E1,n + h1−αn Wci,ψ

α,n E2,n

+ hp−αn Wci,Rm,r,n
α,n .

(20)

Note that, equation (15) in path I is as follows

xβn,iE(xn,i) = (KαE)(xn,i) + (K(I)
α,qE)(xn,i). (21)

Now by substituting equations (19) and (20) in equation (21), we get
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[︄
III − h1−αn A−β

n

(︂
Wci,ψ
α,n +Wcn,i,ψ

D,α,n

)︂
−h1−αn A−β

n

(︄
Wcn,i,φ

D,α,n +Wci,φ
α,n

)︄]︄[︃
E2,n

E1,n

]︃
=

n−1∑︂
l=r

h1−αl

[︄
A−β
n

(︄
W1,ψ
α,l +W1,ψ

D,α,l

)︄
A−β
n

(︄
W1,φ
α,l +W1,φ

D,α,l

)︄]︄[︃
E2,l

E1,l

]︃
+

r−1∑︂
l=0

hp−αl A−β
n

(︄
W1,ql
α,l +W1,ql

D,α,l

)︄

+

n−1∑︂
l=r

hp−αl A−β
n

(︄
W1,Rm,r,l

α,l +W1,Rm,r,l

D,α,l

)︄

+hp−αn A−β
n

(︄
Wci,Rm,r,n
α,n +Wcn,i,Rm,r,n

D,α,n

)︄
.

(22)

By setting h := max
(l)

hl, for l = 0, 1, . . . , N − 1, equation (22) simplifies to

[︄
III − h1−αA−β

n

(︂
Wci,ψ
α,n +Wcn,i,ψ

D,α,n

)︂
−h1−αA−β

n

(︄
Wcn,i,φ

D,α,n +Wci,φ
α,n

)︄]︄[︃
E2,n

E1,n

]︃
= h1−α

n−1∑︂
l=r

[︄
A−β
n

(︄
W1,ψ
α,l +W1,ψ

D,α,l

)︄
A−β
n

(︄
W1,φ
α,l +W1,φ

D,α,l

)︄]︄[︃
E2,l

E1,l

]︃
+O(hp−α).

(23)

Also, expression (3) with l − 1, in place of n and s = 1, get

E1,l = ΦE1,l−1 +ΨE2,l−1 + hpρ̃m,r,l−1, l ≥ r,

or [︃
0 0
0 I

]︃ [︃
E2,l

E1,l

]︃
=

[︃
0 0
Ψ Φ

]︃ [︃
E2,l−1

E1,l−1

]︃
+ hp

[︃
0

ρ̃m,r,l−1

]︃
, l ≥ r. (24)

Therefore, (23) and (24) can be rewritten as:⎡⎢⎢⎢⎣
III − h1−αA−β

n

(︂
Wci,ψ
α,n +Wcn,i,ψ

D,α,n

)︂
−h1−αA−β

n

(︄
Wcn,i,φ

D,α,n +Wci,φ
α,n

)︄

0 I

⎤⎥⎥⎥⎦
[︃
E2,n

E1,n

]︃

= h1−α
n−1∑︂
l=r

⎡⎢⎢⎢⎣
A−β
n

(︄
W1,ψ
α,l +W1,ψ

D,α,l

)︄
A−β
n

(︄
W1,φ
α,l +W1,φ

D,α,l

)︄

0 0

⎤⎥⎥⎥⎦
[︃
E2,l

E1,l

]︃

+

[︃
0 0
Ψ Φ

]︃ [︃
E2,n−1

E1,n−1

]︃
+O(hp−α).

(25)

3.2 Phase II

We know that phase II, includes two sub phases II-A and II-B. Now, we analyze operator (Kα,qE)(xn,i), in both paths
separately.

3.2.1 Phase II-A

Equation (15) in phase II-A, will be as follows

xβn,iEn,i = (KαE)(xn,i) + (K(II−A)
α,q E)(xn,i). (26)

In this phase, there exists i1 < m such that qn,i1 = n − 1 and qn,i1+1 = n. If i ≤ i1, then the linear delays operator
(K(II−A)
α,q E)(xn,i), has the form
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(K(II−A)
α,q E)(xn,i) =

∫︂ qxn,i

0
(xn,i − s)−αKD(xn,i, s)E(s)ds

=

r−1∑︂
l=0

hl

∫︂ 1

0
(xn,i − xl − shl)

−αKD(xn,i, xl + shl)E(xl + shl)ds

+

n−2∑︂
l=r

hl

∫︂ 1

0
(xn,i − xl − shl)

−αKD(xn,i, xl + shl)E(xl + shl)ds

+ hn−1

∫︂ cn,i

0
(xn,i − xn−1 − shn−1)

−αKD(xn,i, xn−1 + shn−1)E(xn−1 + shn−1)ds.

By using the matrix symbols (2.3.3), equation (26) can be expressed in matrix form as

[︂
An − h1−αn Wci,ψ

α,n −h1−αn Wci,φ
α,n

]︂ [︃E2,n

E1,n

]︃
= h1−αn−1

[︂
W1,ψ
α,n−1 +Wcn,i,ψ

D,α,n−1 W1,φ
α,n−1 +Wcn,i,φ

D,α,n−1

]︂ [︃E2,n−1

E1,n−1

]︃
+

n−2∑︂
l=r

h1−αl

[︂
W1,ψ
α,l +W1,ψ

D,α,l W1,φ
α,l +W1,φ

D,α,l

]︂ [︃E2,l

E1,l

]︃
+

n−2∑︂
l=r

hp−αl

(︄
W1,Rm,r,l

D,α,l +W1,Rm,r,l

α,n−1,l

)︄
+

r−1∑︂
l=0

hp−αl

(︄
W1,ql
α,l +W1,ql

D,α,l

)︄
+hp−αn−1W

1,Rm,r,n−1

α,n−1 + hp−αn Wci,Rm,r,n
α,n + hp−αn−1W

cn,i,Rm,r,n

D,α,n−1 .

(27)

By setting h := max
(l)

hl, for l = 0, 1, . . . , N − 1, we can simplify (??) as

[︂
An − h1−αWci,ψ

α,n −h1−αWci,φ
α,n

]︂ [︃E2,n

E1,n

]︃
= h1−α

[︂
W1,ψ
α,n−1 +Wcn,i,ψ

D,α,n−1 W1,φ
α,n−1 +Wcn,i,φ

D,α,n−1

]︂ [︃E2,n−1

E1,n−1

]︃
+h1−α

n−2∑︂
l=r

[︂
W1,ψ
α,l +W1,ψ

D,α,l W1,φ
α,l +W1,φ

D,α,l

]︂ [︃E2,l

E1,l

]︃
+O(hp−α).

(28)

In the same manner in phase I, and by using the equation (24), equation (28), can be expressed in matrix form as:[︃
An − h1−αWci,ψ

α,n −h1−αWci,φ
α,n

0 I

]︃ [︃
E2,n

E1,n

]︃
= h1−α

[︄
W1,ψ
α,n−1 +Wcn,i,ψ

D,α,n−1 W1,φ
α,n−1 +Wcn,i,φ

D,α,n−1

Ψ Φ

]︄[︃
E2,n−1

E1,n−1

]︃
+h1−α

n−2∑︂
l=r

[︄
W1,ψ
α,l +W1,ψ

D,α,l W1,φ
α,l +W1,φ

D,α,l

0 0

]︄ [︃
E2,l

E1,l

]︃
+O(hp−α).

(29)

3.2.2 Phase II-B

For i > i1, the collocation equation defined at the point tn,i is given by

xβn,iEn(xn,i) = (KαEn)(xn,i) + (K(II−B)
α,q En)(xn,i).
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Hence in the same manner in phase II-A, we will have⎡⎢⎣III − h1−αA−β
n

(︄
Wcn,i,ψ

D,α,n +Wci,ψ
α,n

)︄
−h1−αA−β

n

(︄
Wcn,i,φ

D,α,n +Wci,φ
α,n

)︄
0 I

⎤⎥⎦[︃E2,n

E1,n

]︃

= h1−α
n−1∑︂
l=r

⎡⎢⎣A−β
n

(︄
W1,ψ
α,l +W1,ψ

D,α,l

)︄
A−β
n

(︄
W1,φ
α,l +W1,φ

D,α,l

)︄
0 0

⎤⎥⎦[︃E2,l

E1,l

]︃

+

[︃
0 0
Ψ Φ

]︃ [︃
E2,n−1

E1,n−1

]︃
+O(hp−α).

(30)

4 Phase III

In phase III, there exist positive integersn1 < n and i1 < m forwhich qn,i1 = n1−1 and qn,i1+1 = n1. Consequently,

xβn,iE(xn,i) = (KαE)(xn,i) + (K(III)
α,q E)(xn,i), (31)

where
(K(III)
α,q E)(xn,i) =

∫︂ qxn,i

0
(xn,i − s)−αKD(xn,i, s)E(s)ds

=

r−1∑︂
l=0

hl

∫︂ 1

0
(xn,i − xl − shl)

−αKD(xn,i, xl + shl)E(xl + shl)ds

+

qn,i−1∑︂
l=r

hl

∫︂ 1

0
(xn,i − xl − shl)

−αKD(xn,i, xl + shl)E(xl + shl)ds

+hqn,i

∫︁ cn,i

0 (xn,i − xqn,i − shqn,i )
−αKD(xn,i, xqn,i + shqn,i )E(xqn,i + shqn,i )ds.

Therefore, equation (31) can be expressed in matrix form as:

[︃
III − h1−αA−β

n Wci,ψ
α,n −h1−αA−β

n Wci,φ
α,n

0 I

]︃ [︃
E2,n

E1,n

]︃
= h1−α

n−1∑︂
l=r

[︄
A−β
n W1,ψ

α,l A−β
n W1,φ

α,l

0 0

]︄ [︃
E2,l

E1,l

]︃
+h1−α

[︄
A−β
n Wcn,i,ψ

D,α,qn,i
A−β
n Wcn,i,φ

D,α,qn,i

0 0

]︄ [︃
E2,qn,i

E1,qn,i

]︃

+h1−α
qn,i−1∑︂
l=r

[︄
A−β
n W1,ψ

D,α,l A−β
n W1,φ

D,α,l

0 0

]︄ [︃
E2,l

E1,l

]︃
+

[︃
0 0
Ψ Φ

]︃ [︃
E2,n−1

E1,n−1

]︃
+O(hp−α).

(32)
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Now in the general form, in the 3-phases by using of the equations (25), (29), (30) and (32), we have⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡⎢⎣III − h1−αA−β
n

(︂
Wci,ψ
α,n +Wcn,i,ψ

D,α,n

)︂
−h1−αA−β

n

(︄
Wcn,i,φ

D,α,n +Wci,φ
α,n

)︄
0 I

⎤⎥⎦[︃E2,n

E1,n

]︃

=

⎡⎢⎣A−β
n

(︄
W1,ψ
α,n−1 +W1,ψ

D,α,n−1

)︄
A−β
n

(︄
W1,φ
α,n−1 +W1,φ

D,α,n−1

)︄
Ψ Φ

⎤⎥⎦[︃E2,n−1

E1,n−1

]︃

+h1−α
n−2∑︂
l=r

⎡⎢⎣A−β
n

(︄
W1,ψ
α,l +W1,ψ

D,α,l

)︄
A−β
n

(︄
W1,φ
α,l +W1,φ

D,α,l

)︄
0 0

⎤⎥⎦[︃E2,l

E1,l

]︃
+O(hp−α), Phase I ,⎡⎢⎣III − h1−αA−β

n

(︄
S0W

cn,i,ψ

D,α,n +Wci,ψ
α,n

)︄
−h1−αA−β

n

(︄
S0W

cn,i,φ

D,α,n +Wci,φ
α,n

)︄
0 I

⎤⎥⎦[︃E2,n

E1,n

]︃

=

[︃
0 0
Ψ Φ

]︃ [︃
E2,n−1

E1,n−1

]︃
+ h1−α

n−2∑︂
l=r

⎡⎢⎢⎢⎢⎢⎣
A−β
n

(︄
W1,ψ
α,l +W1,ψ

D,α,l

)︄
0

A−β
n

(︄
W1,φ
α,l +W1,φ

D,α,l

)︄
0

⎤⎥⎥⎥⎥⎥⎦

T

[︃
E2,l

E1,l

]︃

+h1−α

⎡⎢⎢⎢⎢⎢⎢⎢⎣
A−β
n

(︄
W1,ψ
α,n−1 + S0W1,ψ

D,α,n−1 + S1W
cn,i,ψ

D,α,n−1

)︄
0

A−β
n

(︄
W1,φ
α,n−1 + S0W1,φ

D,α,n−1 + S1W
cn,i,φ

D,α,n−1

)︄
0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

T

[︃
E2,n−1

E1,n−1

]︃

+O(hp−α), Phase II,[︃
III − h1−αA−β

n Wci,ψ
α,n −h1−αA−β

n Wci,φ
α,n

0 I

]︃ [︃
E2,n

E1,n

]︃
=

[︃
A−β
n W1,ψ

α,n−1 A−β
n W1,φ

α,n−1

Ψ Φ

]︃
×
[︃
E2,n−1

E1,n−1

]︃
+ h1−α

n−2∑︂
l=r

[︄
A−β
n W1,ψ

α,l A−β
n W1,φ

α,l

0 0

]︄[︃
E2,l

E1,l

]︃

+h1−α
qn−1∑︂
l=r

[︄
A−β
n W1,ψ

D,α,l A−β
n W1,φ

D,α,l

0 0

]︄ [︃
E2,l

E1,l

]︃
+h1−α

[︄
A−β
n S0W

cn,i,ψ

D,α,qn+1 A−β
n S0W

cn,i,φ

D,α,qn+1

0 0

]︄[︃
E2,qn+1

E1,qn+1

]︃
+h1−α

[︄
A−β
n

(︂
S1W

cn,i,ψ

D,α,qn
+ S0W1,ψ

D,α,l

)︂
A−β
n

(︂
S1W

cn,i,φ

D,α,qn
+ S0W1,φ

D,α,l

)︂
0 0

]︄[︃
E2,qn
E1,qn

]︃
+O(hp−α), Phase III,

(33)

where S0, S1 and A−β
n , are clear.

Now, we show that system (33) has a unique solution. To do this, according equations (13), and triple paths, it can
be seen that the structure of the matrices of unknown coefficients are similar in both systems. Therefore, according to
theorem 2.1, the coefficients matrices

B∗
n(q) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

B(∗,I)
n (q), Phase I,

B(∗,II)
n (q), Phase II,

B(∗,III)
n (q), Phase III,
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are bounded and have a invertible matrix. On the other hand, if we set

B(∗)
n (q, h) =

(︄
B(∗)
n (q) +O(h)

)︄
=

[︃
I 0
0 I

]︃
,

where

B(∗,I)
n (q) =

⎡⎢⎢⎢⎣
III − h1−αA−β

n

(︂
Wci,ψ
α,n +Wcn,i,ψ

D,α,n

)︂
−h1−αA−β

n

(︄
Wcn,i,φ

D,α,n +Wci,φ
α,n

)︄

0 I

⎤⎥⎥⎥⎦ ,

B(∗,II)
n (q) =

⎡⎢⎢⎢⎣
III − h1−αA−β

n

(︄
S0W

cn,i,ψ

D,α,n +Wci,ψ
α,n

)︄
−h1−αA−β

n

(︄
S0W

cn,i,φ

D,α,n +Wci,φ
α,n

)︄

0 I

⎤⎥⎥⎥⎦ ,

B(∗,III)
n (q) =

⎡⎣III − h1−αA−β
n Wci,ψ

α,n −h1−αA−β
n Wci,φ

α,n

0 I

⎤⎦ .
Hence, in equation (33), we get⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[︃
E2,n

E1,n

]︃
=

⎡⎢⎢⎢⎣
A−β
n

(︄
W1,ψ
α,n−1 +W1,ψ

D,α,n−1

)︄
A−β
n

(︄
W1,φ
α,n−1 +W1,φ

D,α,n−1

)︄

Ψ Φ

⎤⎥⎥⎥⎦
[︃
E2,n−1

E1,n−1

]︃

+h1−α
n−2∑︂
l=r

⎡⎢⎣A−β
n

(︄
W1,ψ
α,l +W1,ψ

D,α,l

)︄
A−β
n

(︄
W1,φ
α,l +W1,φ

D,α,l

)︄
0 0

⎤⎥⎦[︃E2,l

E1,l

]︃
+O(hp−α), Phase I ,[︃
E2,n

E1,n

]︃
=

[︃
0 0
Ψ Φ

]︃ [︃
E2,n−1

E1,n−1

]︃

+h1−α
n−2∑︂
l=r

⎡⎢⎣A−β
n

(︄
W1,ψ
α,l +W1,ψ

D,α,l

)︄
A−β
n

(︄
W1,φ
α,l +W1,φ

D,α,l

)︄
0 0

⎤⎥⎦[︃E2,l

E1,l

]︃

h1−α

⎡⎢⎢⎢⎢⎢⎣
A−β
n

(︄
W1,ψ
α,n−1 + S0W1,ψ

D,α,n−1 + S1W
cn,i,ψ

D,α,n−1

)︄
0

A−β
n

(︄
W1,φ
α,n−1 + S0W1,φ

D,α,n−1 + S1W
cn,i,φ

D,α,n−1

)︄
0

⎤⎥⎥⎥⎥⎥⎦

T

[︃
E2,n−1

E1,n−1

]︃

+O(hp−α), Phase II,[︃
E2,n

E1,n

]︃
=

[︃
A−β
n W1,ψ

α,n−1 A−β
n W1,φ

α,n−1

Ψ Φ

]︃ [︃
E2,n−1

E1,n−1

]︃
+h1−α

n−2∑︂
l=r

[︄
A−β
n W1,ψ

α,l A−β
n W1,φ

α,l

0 0

]︄ [︃
E2,l

E1,l

]︃

+h1−α
qn−1∑︂
l=r

[︄
A−β
n W1,ψ

D,α,l A−β
n W1,φ

D,α,l

0 0

]︄[︃
E2,l

E1,l

]︃
+h1−α

[︄
A−β
n S0W

cn,i,ψ

D,α,qn+1 A−β
n S0W

cn,i,φ

D,α,qn+1

0 0

]︄ [︃
E2,qn+1

E1,qn+1

]︃

+h1−α

[︄
A−β
n

(︂
S1W

cn,i,ψ

D,α,qn
+ S0W1,ψ

D,α,l

)︂
A−β
n

(︂
S1W

cn,i,φ

D,α,qn
+ S0W1,φ

D,α,l

)︂
0 0

]︄ [︃
E2,qn
E1,qn

]︃
+O(hp−α), Phase III.
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Now, according to assumption ρ(Φ) < 1, we can get a bound for[︃
E2,n

E1,n

]︃
.

This establishes the desired result.

5 Numerical tests

For equation (1), we use the parameters in Table 1 and select f(x) to yield the exact solution y(x). The collocation
parameters are given in Table 2. All numerical computations were performed using Mathematica 11 on a laptop with an
Intel Core i7-1065G7 processor and 8 GB of RAM.

λ α q K KD y(x)

Example 1, λ+ α < 1 1
3

1
3

1
2 s+ 1 s+ 2 x

7
2

Example 2, λ+ α > 1 2
3

2
3

1
2

√
3

3π s
1
3 s

1
3 x

13
4

Example 3 [32], λ+ α = 1 1 0 1
2 s2 s+ 1 x5

Table 1: Assumptions of equation (1) in the given examples.

c1 c2 c3
m = 2, cm = 1 0.7 1 −

m = 2, cm < 1 5
6

6
7 −

m = 3, cm = 1 0.6 0.7 1

Table 2: Collocation parameters.

These examples are solved using one-step [32] and multi-step collocation methods across different values of m by
the modified graded mesh with ς = 2. The numerical results, compiled in Tables 3-8, indicate that the multi-step method
yields greater accuracy compared to the one-stepmethod. For cm = 1with r = 2,m = 2, we consider c1 = 0.7 and c2 = 1
such that at these points ρ(Φ) = 0 < 1. Also for the case cm < 1with r = m = 2, we consider c1 = 5

6
, c2 = 6

7
such that at

these points ρ(Φ) = 0.0836 < 1. A comparative analysis of the numerical experiments(Tables 3-8) demonstrates that the
proposed numerical method in the previous section achieves significantly higher accuracy than the one-step collocation
approach developed in [32], particularly for smaller step sizes.

N One-stepm = 2 One-stepm = 3 Multi-stepm = r = 2
23 1.25× 10−1 2.14× 10−2 6.59× 10−4

24 5.71× 10−2 8.95× 10−3 5.12× 10−4

25 2.45× 10−2 8.03× 10−3 3.39× 10−4

26 9.92× 10−3 2.88× 10−3 8.05× 10−5

Table 3: Maximum errors for cm = 1 in Example 1.

To assess computational efficiency, we present detailed CPU time measurements for both methods in the Tables 9-11,
providing direct comparisons of algorithmic performance. In addition to its high accuracy, the multi-step method is very
close to the one-step method [32] in terms of execution time.

We plot the order of convergence for the one-step (m = 2, cm = 1) and multi-step (m = r = 2, cm = 1) methods in
Figures 1-3.
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N One-stepm = 2 One-stepm = 3 Multi-stepm = r = 2
23 1.35× 10−2 5.83× 10−3 5.26× 10−5

24 7.09× 10−3 4.03× 10−3 3.80× 10−5

25 4.79× 10−3 3.81× 10−3 1.61× 10−5

26 2.37× 10−3 1.88× 10−3 5.69× 10−6

Table 4: Maximum errors for cm = 1 in Example 2.

N One-stepm = 2 One-stepm = 3 Multi-stepm = r = 2
23 2.00× 10−2 5.79× 10−3 3.47× 10−5

24 5.54× 10−3 1.37× 10−3 1.67× 10−5

25 2.14× 10−3 9.07× 10−4 7.65× 10−6

26 7.00× 10−4 4.59× 10−4 2.78× 10−6

Table 5: Maximum errors for cm = 1 in Example 3.

N One-step Multi-step
23 1.26× 10−1 9.41× 10−4

24 6.37× 10−2 7.75× 10−4

25 2.71× 10−2 3.70× 10−4

26 9.18× 10−3 1.29× 10−4

Table 6: Maximum errors for cm < 1withm = r = 2 in Example 1.

N One-step Multi-step
23 1.42× 10−2 1.82× 10−4

24 7.56× 10−3 1.34× 10−4

25 4.94× 10−3 5.77× 10−5

26 2.47× 10−3 2.06× 10−5

Table 7: Maximum errors for cm < 1withm = r = 2 in Example 2.

N One-step Multi-step
23 3.40× 10−2 1.61× 10−4

24 9.38× 10−3 6.50× 10−4

25 3.10× 10−3 2.53× 10−5

26 8.76× 10−4 8.99× 10−6

Table 8: Maximum errors for cm < 1withm = r = 2 in Example 3.

CPU time CPU time CPU time
N One-stepm = 2 One-stepm = 3 Multi-stepm = r = 2

23 0.890 2.47 1.12
24 2.62 5.62 4.54
25 9.53 21.9 18.5
26 36.1 84.9 73.8

Table 9: CPU time in Example 1.
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CPU time CPU time CPU time
N One-stepm = 2 One-stepm = 3 Multi-stepm = r = 2

23 1.04 2.76 1.82
24 3.75 6.32 5.04
25 9.48 22.6 18.6
26 35.2 100 73.5

Table 10: CPU time in Example 2.

CPU time CPU time CPU time
N One-stepm = 2 One-stepm = 3 Multi-stepm = r = 2

23 1.56 2.60 1.07
24 3.10 6.04 4.74
25 9.62 21.9 20.1
26 35.6 82.7 80.7

Table 11: CPU time in Example 3.
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Figure 1: Plot of order of convergence for the one-step (m = 2, cm = 1) and multi-step (m = r = 2, cm = 1)
scheme in Example 1.

6 Conclusion

This work has established the multi-step collocation method as a reliable and accurate numerical approach for solving
a class of third-kind Volterra integral equations (VIEs) with vanishing delays. The theoretical convergence results were
validated through a series of numerical examples. These tests confirmed the consistency between the numerical results and
the theoretical analysis. A key direction for our future research is the analysis of multi-step collocation methods applied
to challenging weakly singular VIEs with non-vanishing delays.
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Figure 2: Plot of order of convergence for the one-step (m = 2, cm = 1) and multi-step (m = r = 2, cm = 1)
scheme in Example 2.
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Figure 3: Plot of order of convergence for the one-step (m = 2, cm = 1) and multi-step (m = r = 2, cm = 1)
scheme in Example 3.
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